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Preface 


A Smarandache multi-space is a union of n different spaces equipped with some 
different structures for an integer n > 2, which can be used both for discrete or 
connected spaces, particularly for geometries and spacetimes in theoretical physics. 

We are used to the idea that our space has three dimensions: length, breadth 
and height; with time providing the fourth dimension of spacetime by Einstein. In 
the string or superstring theories, we encounter 10 dimensions. However, we do not 
even know what the right degree of freedom is, as Witten said. In 21th century, the- 
oretical physicists believe the 11-dimensional M-theory is the best candidate for the 
Theory of Everything, i.e., a fundamental united theory of all physical phenomena, 
but the bottleneck is that 21st century mathematics has not yet been discovered. 
Today, we think the Smarandache multi-space theory is the best candidate for 21st 
century mathematics and a new revolution for mathematics has come. Although it 
is important, only a few books can be found in the libraries research about these 
spaces and their relations with classical mathematics and theoretical physics. The 
purpose of this book is to survey this theory, also to establish its relation with 
physics and cosmology. Many results and materials included in this book are now 
inspired by the Smarandache’s notion. 

Now we outline the content of this book. Three parts are included in this book 
altogether. 

Part one consists of Chapters 1 and 2 except the Section 1.4, may be called 
Algebraic multi-spaces. In Chapter 1, we introduce various algebraic Smarandache 
multi-spaces including those such as multi-groups, multi-rings, multi-vector spaces, 
multi-metric spaces, multi-operation systems and multi-manifolds and get some el- 


ementary results on these multi-spaces. 
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Chapter 2 concentrates on multi-spaces on graphs. In an algebraic view, each 
multi-space is a directed graph and each graph is also a multi-space. Many new 
conceptions are introduced in this chapter, such as multi-voltage graphs, graphs in 
an n-manifold, multi-embeddings in an n-manifold, Cayley graphs of a multi-group 
and many results in graph theory, combinatorial map theory are generalized. These 
new conceptions and results enlarge the research fields of combinatorics. A graph 
phase is introduced and discussed in Section 2.5, which is a generalization of a 


particle and can be used to construct a model of p-branes in Chapter 6. 


The second part of this book consists of Chapters 3-5 including the Section 
1.4 concentrates on these multi-metric spaces, particularly, these Smarandache ge- 
ometries. In fact, nearly all geometries, such as Finsler geometry, Riemann geom- 
etry, Euclid geometry and Lobachevshy-Bolyai-Gauss geometry are particular case 
of Smarandache geometries. In Chapter 3, we introduce a new kind geometry, 
i.e., map geometries, which is a generalization of Iseri’s s-manifolds. By applying 
map geometries with or without boundary, paradozxist geometries, non-geometries, 
counter-projective geometries and anti-geometries are constructed. The enumeration 
of map geometries with or without boundary underlying a graph are also gotten in 


this chapter. 


Chapter 4 is on planar map geometries. Those fundamental elements such as 
points, lines, polygons, circles and line bundles are discussed. Since we can investi- 
gate planar map geometries by means of Euclid plane geometry, some conceptions 
for general map geometries are extend, which enables us to get some interesting 


results. Those measures such as angles, curvatures, areas are also discussed. 


Chapter 5 is a generalization of these planar map geometries. We introduce the 
conception of pseudo-planes, which can be seen as the limitation case of planar map 
geometries when the diameter of each face tends to zero but more general than planar 
map geometries. On a pseudo-plane geometry, a straight line does not always exist 
again. These pseudo-plane geometries also relate with differential equations and 
plane integral curves. Conditions for existing singular points of differential equations 
are gotten. In Section 5.4, we define a kind of even more general spaces called 
metric pseudo-spaces or bounded metric pseudo-spaces. Applying these bounded or 
unbounded metric pseudo-spaces, bounded pseudo-plane geometries, pseudo-surface 


geometries, pseudo-space geometries and pseudo-manifold geometries are defined. 
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By choice different smooth function w, such as w = a Finsler or a Riemann norm, 
we immediately get the Finsler geometry or Riemann geometry. 

For the further research of interested readers, each of the final sections of Chap- 
ters 1 — 5 contains a number of open problems and conjectures which can be seen 
as additional materials. 

Part three only consists of Chapter 6 which is concentrated on applications 
of multi-spaces to theoretical physics. The view that every observation of human 
beings for cosmos is only a pseudo-face of our space is discussed in the first section 
by a mathematical manner. A brief introduction to Einstein’s relative theory and 
M-theory is in Section 6.2 and 6.3.1. By a view of multi-spaces, models for p-branes 
and cosmos are constructed in Section 6.3. It is very interesting that the multi- 
space model of cosmos contains the shelf structure as a special case. The later is a 
fundamental structure in the modern algebraic geometry in recent years. 

This book is began to write in the July, 2005 when I finished my post-doctor 
report: On automorphisms of maps, surfaces and Smarandache geometries for the 
Chinese Academy of Sciences. Many colleagues and friends of mine have given me 
enthusiastic support and endless helps in preparing this book. Without their help, 
this book will never appears today. Here I must mention some of them. On the 
first, I would like to give my sincerely thanks to Dr.Perze for his encourage and 
endless help. Without his encourage and suggestion, I would do some else works, 
can not investigate multi-spaces and finish this book. Second, I would like to thank 
Prof. Feng Tian, Yanpei Liu and Jiyi Yan for them interested in my post-doctor 
report: On automorphisms of maps, surfaces and Smarandache geometries. Their 
encourage and warmhearted support advance this book. Thanks are also given 
to Professor Mingyao Xu, Xiaodong Hu, Yanxun Chang, Han Ren, Rongxia Hao, 
Weili He and Erling Wei for their kindly helps and often discussing problems in 
mathematics altogether. Of course, I am responsible for the correctness all of these 
materials presented here. Any suggestions for improving this book and solutions for 


open problems in this book are welcome. 


L.F.Mao 
AMSS, Beijing 
February, 2006 
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Chapter 1 Smarandache Multi-Spaces 


The notion of multi-spaces was introduced by Smarandache in 1969, see his article 
uploaded to arXiv [86] under his idea of hybrid mathematics: combining different 
fields into a unifying field((85|), which is more closer to our real life world. Today, 
this idea is widely accepted by the world of sciences. For mathematics, a definite or 
an exact solution under a given condition is not the only object for mathematician. 
New creation power has emerged and new era for mathematics has come now. Ap- 
plying the Smarandache’s notion, this chapter concentrates on constructing various 
multi-spaces by algebraic structures, such as those of groups, rings, fields, vector 
spaces, ---,etc., also by metric spaces, which are more useful for constructing multi- 


voltage graphs, maps and map geometries in the following chapters. 


§1.1 Sets 


1.1.1. Sets 


A set © is a collection of objects with some common property P, denoted by 


= = {ele has property P}, 


where, x is said an element of the set =, denoted by x € =. For an element y not 
possessing the property P, i.e., not an element in the set =, we denote it by y ¢ E. 

The cardinality (or the number of elements if = is finite ) of a set = is denoted 
by |E]. 


Some examples of sets are as follows. 


2 Linfan Mao: Smarandache Multi-Spaces Theory 


A = {1,2,3,4,5,6,7,8, 9, 10}: 


B= {p| p is a prime number}; 


C= {(2,y)|2? + y? = 1}; 


D = {the cities in the world}. 


The sets A and D are finite with |A| = 10 and |D| < +00, but these sets B 
and ČC are infinite. 
Two sets =; and = are said to be identical if and only if for Vz € =), we have 


x € = and for Vx € Sy, we also have x € =). For example, the following two sets 


E = {1,2, —2} and F = { z |z’ — 2? — 4r +4 = 0} 


3 


are identical since we can solve the equation x? —x?—4x+4 = 0 and get the solutions 


x = 1,2 or —2. Similarly, for the cardinality of a set, we know the following result. 


Theorem 1.1.1([6]) For sets =1,=2, |=i| = |€2| if and only if there is an 1—1 


mapping between =, and =o. 


According to this theorem, we know that |B| 4 |C| although they are infinite. 
Since B is countable, i.e., there is an 1 — 1 mapping between B and the natural 
number set N = {1,2,3,---,n,---}, however C is not. 

Let A,, Ay be two sets. If for Va € Ay > a € A», then A, is said to be a subset 
of Ay, denoted by A; C Ag. If a set has no elements, we say it an empty set, denoted 
by 0. 


Definition 1.1.1 For two sets 24,2 two operations “UJ”? and “N” on 71,9 are 
T= 23 ’ 
defined as follows: 


Ei UE = {x|z € E or £ € E2}, 


Z (E = {lz € E; and x € Ey} 
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and =; minus =ə is defined by 
Ey \ Seo = {x|x € E but x ¢ So}. 
For the sets A and EF, calculation shows that 


AUF = {1,2,—2,3, 4,5, 6, 7,8, 9, 10}, 


ANE = {1,2} 


and 


A\ E = {3,4,5,6,7,8, 9, 10}, 


BAST 9%, 


For a set = and H C&, the set =\ H is said the complement of H in =, denoted 
by H(=). We also abbreviate it to H if each set considered in the situation is a 
subset of = = Q, i.e., the universal set. 


These operations defined in Definition 1.1.1 observe the following laws. 


L1 Itempotent law. For VS CQ, 
AU A=A[)AH=A. 
L2 Commutative law. For YU, V CQ, 
UUVE=VUG UNV =V NVU. 


L3 Associative law. For VU,V,W C Q, 


UUVUW) = UUVUW; UNV NAW) = UNVAN. 


L4 Absorption law. For VU, V CQ, 


UNUUV) =VUUNY) =V. 
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L5 Distributive law. For VU,V,W CQ, 


UUV)W)=ULDY UUW); UNV UW) = UNV UUW). 


L6 Universal bound law. For VU C Q, 


GOU=00 JU =U; 0 USt,0UU =o. 


L7 Unary complement law. For VU C Q, 


üN =0; UT =2. 


A set with two operations “N” and “U” satisfying the laws L1 ~ LT is said to 


be a Boolean algebra. Whence, we get the following result. 


Theorem 1.1.2 For any set U, all its subsets form a Boolean algebra under the 


operations “N” and “U”. 


1.1.2 Partially order sets 


For a set =, define its Cartesian product to be 


= x = = {(x,y)|Yx, y € E}. 


A subset R C =x = is called a binary relation on =. If (x,y) € R, we write z Ry. 
A partially order set is a set = with a binary relation “<” such that the following 
laws hold. 


O1 Reflective law. For x € E, «Rx. 
O2 Antisymmetry law. For z,y € E, xRy and yRr > z = y. 
O3 Transitive law. For z,y,z € =, xRy and yRz = xzRz. 


A partially order set = with a binary relation “<” is denoted by (&, <). 
Partially ordered sets with a finite number of elements can be conveniently repre- 
sented by a diagram in such a way that each element in the set © is represented by 


a point so placed on the plane that a point a is above another point b if and only 
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if b < a. This kind of diagram is essentially a directed graph (see also Chapter 2 
in this book). In fact, a directed graph is correspondent with a partially set and 
vice versa. Examples for the partially order sets are shown in Fig.1.1 where each 


diagram represents a finite partially order set. 


I9 
| 
(2) (3) (4) 


(1) 
Fig.1.1 


An element a in a partially order set (©, <) is called maximal (or minimal) if 
for Vz € E, a < x > x =a (or x < a = x =a). The following result is obtained 


by the definition of partially order sets and the induction principle. 


Theorem 1.1.3 Any finite non-empty partially order set (=, <) has maximal and 


minimal elements. 


A partially order set (=, <) is an order set if for any Vz,y € =, there must be 
x~yory x7. It is obvious that any partially order set contains an order subset, 
finding this fact in Fig.1.1. 


An equivalence relation R C E x = on a set = is defined by 
R1 Reflective law. For x € E, xRz. 
R2 Symmetry law. For x,y € =, xRy > yRx 
R3 Transitive law. For x,y,z € =, xRy and yRz => xRz. 


For a set = with an equivalence relation R, we can classify elements in = by R 


as follows: 
R(x) = {y| y € E and yRz }. 
Then, we get the following useful result for the combinatorial enumeration. 


Theorem 1.1.4 For a finite set = with an equivalence R, Yx, y € =, if there is an 


bijection ¢ between R(x) and R(y), then the number of equivalence classes under R 
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18 


— 
= 
— 


|R(a)|’ 





where x is a chosen element in =. 


Proof Notice that there is an bijection ç between R(x) and R(y) for Vz, y € =. 
Whence, |R(x)| = |R(y)|. By definition, for Vx, y € =, R(x) N R(y) = 9 or R(x) = 
R(y). Let T be a representation set of equivalence classes, i.e., choice one element 


in each class. Then we get that 


Whence, we know that 





1.1.3 Neutrosophic set 


Let [0,1] be a closed interval. For three subsets T, I, F C [0,1] and S C Q, define a 
relation of an element x € 2 with the subset S to be (T, I, F), i,e., the confidence 
set for x € S is T, the indefinite set is I and fail set is F. A set S with three 
subsets T, I, F is said to be a neutrosophic set ([85]). We clarify the conception of 
neutrosophic sets by abstract set theory as follows. 

Let = be a set and Aj, Ao,---, A, C E. Define 3k functions f7, f7,---, fF by 
ff: Ai > [0,1], 1 <i < k, where x = T, I, F. Denote by (A;; f7, f}, JE) the subset 
A; with three functions f7, f7, fF, 1<i<k. Then 


i i 


IOS 


(3 
is a union of neutrosophic sets. Some extremal cases for this union is in the following, 


which convince us that neutrosophic sets are a generalization of classical sets. 


Case 1 fT =1, ff = fË =0 fori =1,2,-,k. 
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In this case 


‘Ce 


a 


fi =0, fE =1 ory 1,2,- 
In this case 


k 
(Ais fE a? eee UA ae 
1 


i=1 
Case 2 ff = 


“ah 





k k 
ied TE UA ae 
i=l 4=1 
Case 3 There is an integer s such that fT = 1 f/ = fE =0,1<i< s but 
ff =f) =0, fF =1fors+1<j <k. 

In this case, 





Üa f) = UAU U A 


i=s+1 


Case 4 There is an integer l such that fF 41 or ff 41 


In this case, the union is a general neutrosophic set. It can not be represented 
by abstract sets. 


If ANB = Í, define the function value of a function f on the union set AUB 
to be 


f(AUB) = f(A) + f(B) 
and 
FANB) = F(A) 
Then if AN B #0, we get that 
f(AUB) = 


A) + f(B) — f(A) f (B). 


Generally, by applying the Inclusion-Exclusion Principle to a union of sets, we 
get the following formulae 
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§1.2 Algebraic Structures 


In this section, we recall some conceptions and results without proofs in algebra, such 
as, these groups, rings, fields, vectors ---, all of these can be viewed as a sole-space 


system. 


1.2.1. Groups 


A set G with a binary operation “o”, denoted by (G; o), is called a group if roy € G 
for Vz,y € G such that the following conditions hold. 


(i) (xoy)oz = zo (yo z) for Va,y,z € G; 
(ii) There is an element 1g, 1g € G such that rolg = z; 
(iii) For Vx € G, there is an element y, y € G, such that z o y = lg. 


A group G is abelian if the following additional condition holds. 


(iv) For Yz,y E€ G,roy=yor. 

A set G with a binary operation “o” satisfying the condition (i) is called a 
semigroup. Similarly, if it satisfies the conditions (i) and (iv), then it is called a 
abelian semigroup. 


Some examples of groups are as follows. 


(1) (R ;+) and (R ;-), where R is the set of real numbers. 

(2) (Uz;-), where Uz = {1,—1} and generally, (U,;-), where Up = {e5 ,k = 
1,2,---,n}. 

(3) For a finite set X, the set SymX of all permutations on X with respect to 
permutation composition. 

The cases (1) and (2) are abelian group, but (3) is not in general. 

A subset H of a group G is said to be subgroup if H is also a group under the 


same operation in G, denoted by H < G. The following results are well-known. 
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Theorem 1.2.1 A non-empty subset H of a group (G ;0) is a group if and only if 
forVx,yE€ H,xoye dH. 


Theorem 1.2.2(Lagrange theorem) For any subgroup H of a finite group G, the 
order |H| is a divisor of |G]. 


For Vz € G, denote the set {xh|Vh € H} by xH and {ha|Vh € H} by Ha. A 
subgroup H of a group (G ; o) is normal, denoted by H<G, if for Vz € G, cH = Hx. 
For two subsets A, B of a group (G ;0), define their product Ao B by 
Ao B= {aob| Ya € A, Vbebd }. 


For a subgroup H, H < G, it can be shown that 


(tH) o (yH) = (xo y)H and (Hx) o (Hy) = H(z oy). 
for Vz,y € G. Whence, the operation ”o” is closed in the sets {cH|x € G} = 
{Hx|x € G}, denote this set by G/H. We know G/H is also a group by the facts 


(cH oyH)ozH = xH o (yH o z2Ħ), Va,y,z€G 


and 


(xH)o H = xH, (xH) o (xH) = H. 


For two groups G, G', let o be a mapping from G to G”. If 


a(xoy) =a(z) cooly), 


for Vx, y € G, then call o a homomorphism from G to G’. The image Imo and the 


kernel Kero of a homomorphism a : G — G’ are defined as follows: 


Imo = G = {o(a2)| Vz E G }, 


Kero = {x| Vz E€ G, o(x) =1q@ }. 


A one to one homomorphism is called a monomorphism and an onto homomor- 


phism an epimorphism. A homomorphism is called a bijection if it is one to one 


10 Linfan Mao: Smarandache Multi-Spaces Theory 


and onto. Two groups G,G’ are said to be isomorphic if there exists a bijective 


homomorphism ø between them, denoted by G & C”. 


Theorem 1.2.3 Leto: G — G be a homomorphism of group. Then 


(G,o)/Kero = Imo. 


1.2.2. Rings 


A set R with two binary operations “+” and “o”, denoted by (R ;+, 0), is said to 
bea ringif x+y E€ R, xoy €E R for Yx,y € R such that the following conditions 
hold. 


(i) (R ;+) is an abelian group; 
(ii) (R ;o) is a semigroup; 


(iii) For Yx,y,z E€ R, xo(y+z)=xzoy+rzroz and (xr+y)oz=zroz+yoz. 


Some examples of rings are as follows. 


(1) 
(2) (pZ ;+,-), where p is a prime number and pZ = {pn|n € Z}. 
(3) (Ma(Z) ;+,-), where M,,(Z) is a set of n x n matrices with each entry 


being an integer, n > 2. 


(Z ;+,-), where Z is the set of integers. 


For a ring (R;+,0), if roy = yor for Vz,y € R, then it is called a commutative 
ring. The examples of (1) and (2) are commutative, but (3) is not. 

If R contains an element 1p such that for Vz € R, xo 1g = lgo zg = z, we call 
Ra ring with unit. All of these examples of rings in the above are rings with unit. 
For (1), the unit is 1, (2) is Z and (3) is Inxn. 

The unit of (R ; +) in a ring (R ; +, o) is called zero, denoted by 0. For Va,b € R, 
if 


aob = 0, 


then a and b are called divisors of zero. In some rings, such as the (Z ;+,-) and 
(pZ ;+,-), there must be a or b be 0. We call it only has a trivial divisor of zero. 
But in the ring (pqZ ;+,-) with p,q both being prime, since 


Chapter 1 Smarandache Multi-Spaces 11 


pZ: qZ = 0 


and pZ # 0, qZ # 0, we get non-zero divisors of zero, which is called to have non- 


trivial divisors of zero. The ring (M,,(Z);+,-) also has non-trivial divisors of zero, 


since 
1 wee! T 
0 0 0 
= Onki 
0 0 °. 0 1 1>. 1 


A division ring is a ring which has no non-trivial divisors of zero and an integral 
domain is a commutative ring having no non-trivial divisors of zero. 

A body is a ring (R ;+,0°) with a unit, |R| > 2 and (R \ {0}; o) is a group and 
a field is a commutative body. The examples (1) and (2) of rings are fields. The 


following result is well-known. 


Theorem 1.2.4 Any finite integral domain is a field. 


A non-empty subset R’ of a ring (R ; +, 0) is called a subring if (R’ ;+,0) is also 


aring. The following result for subrings can be obtained immediately by definition. 


Theorem 1.2.5 For a subset R' of a ring (R ;+,0°), if 
(i) (R! ;+) is a subgroup of (R ; +), 


(ii) R' is closed under the operation “o 


then (R! ;+,0) is a subring of (R ,+.0). 


An ideal I of a ring (R ;+,0) is a non-void subset of R with properties: 
(i) (I ;+) is a subgroup of (R ; +); 

(ii) aox €I and zoa E€ I for Va € I,Yx € R. 

Let (R ;+,0) be a ring. A chain 


R> Ri >- > R= {1} 


satisfying that R;+ı is an ideal of R; for any integer i,1 < i < l, is called an ideal 
chain of (R ,+,0). A ring whose every ideal chain only has finite terms is called an 


Artin ring. Similar to normal subgroups, consider the set x+ T in the group (R ; +). 
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Calculation shows that R/I = {x + I| x € R} is also a ring under these operations 
“+” and “o”. Call it a quotient ring of R to I. 
For two rings (R ;+,0), (R’ ;*,e), let ¿ be a mapping from R to R’. If 


u(x +y) = U(x) * (y), 


(x o y) = L(x) è (y), 


for Yz, y € R, then z is called a homomorphism from (R ;+,0) to (R' ; x, e). Similar 


to Theorem 2.3, we know that 


Theorem 1.2.6 Letı: R — R' be a homomorphism from (R ;+,0) to (R' ;x*,e). 
Then 


(R ;+,0)/Keri = Ime. 


1.2.3 Vector spaces 


A vector space or linear space consists of the following: 

(i) a field F of scalars; 

(ii) a set V of objects, called vectors; 

(iii) an operation, called vector addition, which associates with each pair of 
vectors a, b in V a vector a + b in V, called the sum of a and b, in such a way that 

(1) addition is commutative, a + b = b + a; 

(2) addition is associative, (a + b) +c =a+ (b+c); 

(3) there is a unique vector 0 in V, called the zero vector, such that a +0 =a 
for all a in V; 

(4) for each vector a in Vthere is a unique vector —a in V such that a + (—a) = 0; 

(iv) an operation “-” , called scalar multiplication, which associates with each 
scalar k in F and a vector a in V a vector k -ain V, called the product of k with 
a, in such a way that 

(1) 1-a=a for every a in V; 

(2) (Kika) +a = ki(k2- a); 

(3) k-(a+b)=k-a+k-b; 
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(4) (ki + k2) -a = kı -a+ k2- a. 
We say that V is a vector space over the field F, denoted by (V ;+,-). 

Some examples of vector spaces are as follows. 

(1) The n-tuple space R” over the real number field R. Let V be the set 
of all n-tuples (£1, 22,---,%n) with z; E R,1 <i < n. If Va = (z1, £2, , Zn), 
b = (y1, Y2,°++;Yn) € V, then the sum of a and b is defined by 


a+b = (£1 + yi, T2 + Y2, +°, En + Yn)- 


The product of a real number k with a is defined by 


ka = (ka, k£2, -+> , kn). 


(2) The space Q™*” ofm x n matrices over the rational number field Q. Let 
Q™*” be the set of all m x n matrices over the natural number field Q. The sum of 
two vectors A and B in Q™*” is defined by 

(A+ B) = Aij + By, 


and the product of a rational number p with a matrix A is defined by 


(pA)ij = DAiy. 


A subspace W of a vector space V is a subset W of V which is itself a vector 
space over F with the operations of vector addition and scalar multiplication on V. 


The following result for subspaces is known in references [6] and [33]. 


Theorem 1.2.7 A non-empty subset W of a vector space (V ;+,-) over the field F 
is a subspace of (V ;+,-) if and only if for each pair of vectors a,b in W and each 


scalar k in F the vector k -a + b is also in W. 


Therefore, the intersection of two subspaces of a vector space V is still a sub- 
space of V. Let U be a set of some vectors in a vector space V over F. The subspace 


spanned by U is defined by 


(U) = {4 kı -ay +ko-a2 + +k a |l > 1, k€ F, andaje S,1<i<l}. 
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A subset W of V is said to be linearly dependent if there exist distinct vectors 


a1, 42,°°*, an in W and scalars ky, ko,---,k, in F, not all of which are 0, such that 


kı - ay + k2 - a2 +--+ kn : an = 0. 


For a vector space V, its basis is a linearly independent set of vectors in V 
which spans the space V. Call a space V finite-dimensional if it has a finite basis. 
Denoted by dimV the number of elements in a basis of V. 


For two subspaces U, W of a space V, the sum of subspaces U, W is defined by 


U+W={u+w|ucU, weW }. 
Then, we have results in the following ([6][33]). 


Theorem 1.2.8 Any finite-dimensional vector space V over a field F is isomorphic 


to one and only one space F”, where n = dimV. 


Theorem 1.2.9 If W, and Wz are finite-dimensional subspaces of a vector space 
V, then W, + Wy is finite-dimensional and 


§1.3 Algebraic Multi-Spaces 


The notion of a multi-space was introduced by Smarandache in 1969 ([86]). Al- 
gebraic multi-spaces had be researched in references [58] — [61] and [103]. Vas- 
antha Kandasamy researched various bispaces in [101], such as those of bigroups, 
bisemigroups, biquasigroups, biloops, bigroupoids, birings, bisemirings, bivectors, 
bisemivectors, bilnear-rings, ---, etc., considered two operation systems on two dif- 


ferent sets. 


1.3.1. Algebraic multi-spaces 


Definition 1.3.1 For any integers n,i, n > 2 and1<i<n, let A; be a set with 
ensemble of law L;, and the intersection of k sets Aj,, Aiz, +, Aj, of them constrains 
the law I(Aj,, Ains, Aip). Then the union A 
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is called a multi-space. 

Notice that in this definition, each law may be contain more than one binary 
operation. For a binary operation “x”, if there exists an element 1% (or 1%) such 
that 


1 xa=a o axl% =a 
for Va € A;, 1 < i < n, then 1% (17) is called a left (right) unit. If 1} and 1%, exist 
simultaneously, then there must be 

PS $e =I S iy 
Call 1, a unit of A;. 


Remark 1.3.1 In Definition 1.3.1, the following three cases are permitted: 


(i) Ay = Ap =--- = Any, i.e., n laws on one set. 

(ii) Ly = Lz = --- = Ln, i.e., n set with one law 

iii ere exist integers s1, S2, , 5), SUC at I(s;) = <j <l, i.e., some 
(iii) th ist integ 7 ’ $ h that I(s;) Ø 1<j<l i , 


laws on the intersections may be not existed. 


We give some examples for Definition 1.3.1. 
Example 1.3.1 Take n disjoint two by two cyclic groups C1, C2,---,Cn, n > 2 
with 
Cy = ((a) ; +1), C2 = ((b) ; +2), + Cn = (Ce) 5 +n). 
Where “+ 1,+9,°--,+,” are n binary operations. Then their union 


Ce LG: 


Cc: 


i=1 


is a multi-space with the empty intersection laws. In this multi-space, for Yz, y € C ; 
if x,y € Cy for some integer k, then we know xz + y € Cy. But if x € Cs, y E€ Ci 
and s Æ t, then we do not know which binary operation between them and what is 


the resulting element corresponds to them. 
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A general multi-space of this kind is constructed by choosing n algebraic systems 
Aj, A2,- +- , An satisfying that 


for any integers i, j,i A j, 1 < i,j < n, where O(A;) denotes the binary operation 
set in A;. Then 


A=\(JAi 


Cc: 


t= 


with O(A) = Ü O(A;) is a multi-space. This kind of multi-spaces can be seen as a 
i=1 


model of spaces with a empty intersection. 


Example 1.3.2 Let (G ;0) be a group with a binary operation “o”. Choose n 
different elements hı, h2,---,hn, n > 2 and make the extension of the group (G ; 0) 
by hy, he,---, hn respectively as follows: 

(GU{hi}; x1), where the binary operation x; = o for elements in G, otherwise, 
new operation; 

(GU{h2}; x2), where the binary operation x2 = o for elements in G, otherwise, 
new operation; 

(GU{hn}; Xn), where the binary operation Xn = o for elements in G, otherwise, 
new operation. 


Define 


3 


G = | KOUE Xi). 


Then G is a multi-space with binary operations “X1, X2,-°-, Xn”. In this multi- 
space, for Yz, y € G, unless the exception cases x = hj, y = hj and i # j, we know 
the binary operation between x and y and the resulting element by them. 

For n = 3, this multi-space can be shown as in Fig.1.2, in where the central 
circle represents the group G and each angle field the extension of G. Whence, we 


call this kind of multi-space a fan multi-space. 
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Fig.1.2 


Similarly, we can also use a ring R to get fan multi-spaces. For example, let 
(R ;+,0°) be a ring and let r1,7r2,---,r; be two by two different elements. Make 


these extensions of (R ;+,0) by 71,72,--+,1s respectively as follows: 





(RU{ri}; +1, x1), where binary operations +; = +, Xx, = o for elements in 


R, otherwise, new operation; 














(RU{r2}; +2, X2), where binary operations +2 = +, X2 = o for elements in 
R, otherwise, new operation; 

(RU{rs};+s, Xs), where binary operations +, = +, Xs = o for elements in 
R, otherwise, new operation. 

Define 


RS URUK: +j, Xj). 


Then R is a fan multi-space with ring-like structure. Also we can define a fan 
multi-space with field-like, vector-like, semigroup-like,---, etc. structures. 

These multi-spaces constructed in Examples 1.3.1 and 1.3.2 are not completed, 
i.e., there exist some elements in this space not have binary operation between 
them. In algebra, we wish to construct a completed multi-space, i.e., there is a 
binary operation between any two elements at least and their resulting is still in this 
space. The following example is a completed multi-space constructed by applying 


Latin squares in the combinatorial design. 


Example 1.3.3 Let S be a finite set with |S| = n > 2. Constructing an n x n Latin 
square by elements in S, i.e., every element just appears one time on its each row 


and each column. Now choose k Latin squares M1, My,---, Mp, k < JI s!. 
s=1 


18 


Linfan Mao: Smarandache Multi-Spaces Theory 


By a result in the reference [83], there are at least [] s! distinct n x n Latin 
s=1 
squares. Whence, we can always choose Mı, Mo,---,M;, distinct two by two. For a 


Latin square M;,1 < i < k, define an operation “x,” as follows: 


Dea (s, f) ESxS—a (Mi) sf. 


The case of n = 3 is explained in the following. Here S = {1,2,3} and there 
are 2 Latin squares L1, Lə as follows: 


12 3 
Lı=|2 3 1 L = 
3 1 2 


N wo e 
w rR N 
= N OQ 


Therefore, by the Latin square Lı, we get an operation “xı” as in table 1.3.1. 





table 1.3.1 


and by the Latin square L, we also get an operation “x 2” as in table 1.3.2. 





table 1.3.2 


For Vz, y,z E€ S and two operations “x,” and “x,;”,1<17,7 < k, define 


ERY KES = NEXU) Ree: 


For example, in the case n = 3, we know that 


1 x1 2 x23 = (1x2) X23 =2 X33 = 2; 


and 
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DGS Ko B20 1 8) Xs 2H ke 8 =3: 


Whence S is a completed multi-space with k operations. 
The following example is also a completed multi-space constructed by an alge- 


braic system. 


Example 1.3.4 For constructing a completed multi-space, let (S ; o) be an algebraic 
system, i.e., aob € S for Va,b E€ S. Whence, we can take C,C C S being a cyclic 


group. Now consider a partition of S 


S=UG 
k=1 


with m > 2 such that GiN G; = C for Vi,j,1 <i, j <m. 
For an integer k,1 < k < m, assume Gy = {9k1, gk2; >`, 9x1}. We define an 


operation “x,” on Gg as follows, which enables (Gk; x;) to be a cyclic group. 


Jkl Xk Gki = Gk2; 


Gk2 Xk Gki = k3, 


Gk(l-1) Xk kı = Jkl, 


and 


Jkl) Xk Gk = kı- 


Then S = U Gk is a completed multi-space with m + 1 operations. 
k=1 
The approach used in Example 1.3.4 enables us to construct a complete multi- 
spaces A = U with k operations for k > n+1, i.e., the intersection law I (A1, A2, <+- , An) Æ 
i=1 
0. 


Definition 1.3.2 A mapping f on a set X is called faithful if f(x) = x for Vx € X, 
then f =1x, the unit mapping on X fixing each element in X. 
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Notice that if f is faithful and fı(x) = f(x) for Yz € X, then ff = 1x, i.e., 
h=f. 


For each operation “x” and a chosen element g in a subspace A;, A4; C A,1 < 


i < n, there is a left-mapping ji : A; — A; defined by 


fi:a—>gxa, a € Aj. 


Similarly, we can also define the right-mapping fg. 


We adopt the following convention for multi-spaces in this book. 


Convention 1.3.1 Each operation “x” in a subset A;, A; C A, 1 < i < n is faithful, 
i.e, Jor Yg € Ais: g—7 fi ( ort: 9g fi ) is faithful. 


Define the kernel Kers of a mapping ¢ by 


Kers = {g|g € A; and <(g) = la, }. 


Then Convention 1.3.1 is equivalent to the next convention. 


Convention 1.3.2 For each¢:g—- f ( ors:g— f; ) induced by an operation 
“x” has kernel 

Kerç = {1%} 
if 1} exists. Otherwise, Kers = @. 


We have the following results for multi-spaces A. 


Theorem 1.3.1 For a multi-space A and an operation “x” , the left unit 1% and 


right unit 1%. are unique if they exist. 


Proof If there are two left units 1%, I} in a subset A; of a multi-space A, then 


for Vx € A;, their induced left-mappings fi and fh satisfy 


fu (e)=1, xr = 


and 


fha (z) =I ease. 
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Therefore, we get that fh = firs Since the mappings ṣsı : 14 — fi and 


S2 : I} — fi, are faithful, we know that 


Lae bom 
Similarly, we can also prove that the right unit 1% is also unique. i 


For two elements a,b of a multi-space A, if a x b = 11, then b is called a 
left-inverse of a. If a x b = 1%, then a is called a right-inverse of b. Certainly, if 


ax b=1,, then a is called an inverse of b and b an inverse of a. 


Theorem 1.3.2 For a multi-space A, a€ À, the left-inverse and right-inverse of a 


are unique if they exist. 


Proof Notice that ka : x — az is faithful, i.e., Kers = {14} for 1} existing 
now. 
If there exist two left-inverses b1, bz in A such that a x bı = 1} and a x by = 1%, 


then we know that 


Similarly, we can also prove that the right-inverse of a is also unique. ' 


Corollary 1.3.1 If “x” is an operation of a multi-space A with unit 1x, then the 


equation 


axxr=b 
has at most one solution for the indeterminate z. 


Proof According to Theorem 1.3.2, we know there is at most one left-inverse 


a, of a such that a; x a = 1x. Whence, we know that 


r= Xa XT = qd Xb. h 


We also get a consequence for solutions of an equation in a multi-space by this 


result. 


Corollary 1.3.2 Let A be a multi-space with a operation set O(A). Then the 


equation 
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acg=—d 
has at most o(A) solutions, where “o” is any binary operation of A. 


Two multi-spaces A, A are said to be isomorphic if there is a one to one 
mapping ¢ : A; — A such that for Yz,y € A, with binary operation “x” , 
C(x), C(y) in Ay with binary operation “o” satisfying the following condition 


C(x x y) = C(x) o (y). 


If A, = A = A, then an isomorphism between A, and A; is called an automorphism 
of A. All automorphisms of A form a group under the composition operation between 
mappings, denoted by Aut A. 

Notice that AutZ,, = Zš, where Z* is the group of reduced residue class modn 
under the multiply operation ( [108] ). It is known that |AutZ,,| = y(n), where y(n) 
is the Euler function. We know the automorphism group of the multi-space Č in 


Example 1.3.1 is 


AutC = S,,[Z*]. 


Whence, |AutC| = y(n)"n!. For Example 1.3.3, determining its automorphism 
group is a more interesting problem for the combinatorial design ( see also the final 


section in this chapter). 


1.3.2 Multi-Groups 


The conception of multi-groups is a generalization of classical algebraic structures, 
such as those of groups, fields, bodies, ---, etc., which is defined in the following 


definition. 


Definition 1.3.3 Let G = U G; be a complete multi-space with an operation set 
i=l 

O(G) = {xi,1 <i < n}. If (Gi; Xi) is a group for any integer i,1 < i < n and 

for Yz, y,z € G and Yx,o € O(G), x Æ o, there is one operation, for example the 


“ 


operation “x” satisfying the distribution law to the operation “o” provided all of 


these operating results exist , i.e., 
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x x (yoz)=(xxy)o(xx z), 


(y o 2) x z = (y X x) 0 (2 x £), 
then G is called a multi-group. 


Remark 1.3.2 The following special cases for n = 2 convince us that multi-groups 


are a generalization of groups, fields and bodies, -- -, etc.. 


(i) If Gi = G = G, then G is a body. 
(ii) If (Gy; x1) and (Go; x2) are commutative groups, then G is a field. 


For a multi-group G and a subset Gi C G, if G, is also a multi-group under a 
subset O(G1), O(G1) c O(G), then G4 is called a sub-multi-group of G, denoted by 


G, < G. We get a criterion for sub-multi-groups in the following. 


Theorem 1.3.3 For a multi-group G = Ü G; with an operation set O(G) = {x;,|1 < 
i=l 
i <n}, a subset Gi C G is a sub-multi-group of G if and only if (Gi MG; Xk) is a 
subgroup of (Gk; Xk) or GiNG, = 0 for any integer k,1 < k <n. 
Proof If G, is a multi-group with an operation set O(G,) = {x Lj <s} 


O(G), then 


G = UGNG) = UG, 
i=1 j=l 
where Gi, x G; and (Gi; Xi) is a group. Whence, if GiN Gk # (), then there exist 
an integer 1,k = 2 such that Gna: = G; 1e., (GiN Gk Xx) is a subgroup of 
(Gk; Xk). 
Now if (Gi NGkr; Xg) is a subgroup of (Gk; Xx) or Gi N Gp = 0 for any integer 
k, let N denote the index set k with GiN G, # (), then 


Gi = U (GNG) 


jen 
and (Gi NG}, x;) is a group. Since Gy C G, O(G1) C O(G), the associative law and 
distribute law are true for the G,. Therefore, G, is a sub-multi-group of G. i 


For finite sub-multi-groups, we get a criterion as in the following. 
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Theorem 1.3.4 Let G be a finite multi-group with an operation set O(G) = {x,|1 < 
i<n}. A subset G, of G is a sub-multi-group under an operation subset O(G:) C 
O(G) if and only if (Gi; x) is complete for each operation “x” in O(G4). 


Proof Notice that for a multi-group G, its each sub-multi-group Gus complete. 
Now if G, is a complete set under each operation “x;” in O(G), we know that 
CG N Gi; xi) is a group or an empty set. Whence, we get that 


& = ine. 


i=l 
Therefore, G, is a sub-multi-group of G under the operation set O(G)). L 
For a sub-multi-group H ofa multi-group G, ge G, define 


gH = {g x h|h € H, x € O(A)}. 


Then for Yz, y € G, 


cH ()\yH =0 or xH = yH. 


In fact, if tH (\yH Æ Ø, let z € tH (\yH, then there exist elements A1, h2 € H and 


operations “x,” and “x,” such that 


z= T X; hı =y Xx; he. 
Since H is a sub-multi-group, (H N Gi; x;) is a subgroup. Whence, there exists 
an inverse element hy! in (HN Gi; Xi). We get that 
T Xi hi Xi Dr =Y Xj ho Xi bes 


es 


L=Y Xj ho Sona: 


Whence, 


cH C yH. 


Similarly, we can also get that 
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xH 2 yH. 


Thereafter, we get that 


aH = yH. 
Denote the union of two set A and B by A@ Bif ANQ B = 0. Then the following 


result is implied in the previous proof. 


Theorem 1.3.5 For any sub-multi-group H of a multi-group G, there is a repre- 


sentation set T, T CG, such that 
G = @oll. 


For the case of finite groups, since there is only one binary operation “x” and 
|| = H| for any x,y € G, We get a consequence in the following, which is just 


the Lagrange theorem for finite groups. 


Corollary 1.3.3(Lagrange theorem) For any finite group G, if H is a subgroup of 
G, then |H| is a divisor of |G]. 


For a multi-group G and g € G, denote all the binary operations associative 
with g by O(g) and the elements associative with the binary operation “x” by 
G(x). For a sub-multi-group H of G,xe€ O(H), if 


gxhxg "€H, 


for Vh € H and Vg € Gl), then we call H a normal sub-multi-group of G, denoted 
by H <G. If H is a normal sub-multi-group of G, similar to the normal subgroups 
of groups, it can be shown that g x H=H x g, where g € G(x). Thereby we get a 


result as in the following. 


Theorem 1.3.6 Let G = Ü G; be a multi-group with an operation set O(G) = 
i=l 

{x;|l <i< n}. Then a sub-multi-group H of G is normal if and only if (H N Gi; x;) 

is a normal subgroup of (G;; x;) or HQG;=90 for any integer i,1<i<n. 
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Proof We have known that 


3 


H= VAG). 


i=1 


If (AN Gi; Xi) is a normal subgroup of (G;; x;) for any integer i, 1 <i < n, 


then we know that 


g Xi (H()\G;) x; g + = H(G; 
for Vg € Gj, 1 <i <n. Whence, 
goHog'=H 


ae 


for Vo € O(H) and Vg € G(o). That is, H is a normal sub-multi-group of G. 


Now if H is a normal sub-multi-group of G, by definition we know that 


goHog =H 


for Vo € O(H ) and Vg € G(o). Not loss of generality, we assume that o = xp, then 


we get 


GX; (HN Gr) x gt = H()\G. 
Therefore, (AN Gx; Xp) isa normal subgroup of (Gk, Xz). Since the operation “o”is 
chosen arbitrarily, we know that (H N Gi; Xi) is a normal subgroup of (G;; x;) or an 
empty set for any integer i, 1 <i<n. h 

For a multi-group G with an operation set O(G) = {x;| 1 < i < n}, an order of 
operations in O(G) is said to be an oriented operation sequence, denoted by O(G). 
For example, if O(G) = {X1, X2x3}, then xı > X2 > X3 is an oriented operation 
sequence and X > X 1 > X3 is also an oriented operation sequence. 

For a given oriented operation sequence OO), we construct a series of normal 


sub-multi-group 


Go Gib Go- -D> Gm = {1x} 
by the following programming. 


STEP 1: Construct a series 
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G > G11 > Giz > ++ > Gih 
under the operation “xı”. 


STEP 2: If a series 


Gah > Gut > Gre Dees Get, 


has be constructed under the operation “xp” and Gy, Æ {1x,}, then construct a 


series 


Gry > Gast > Gaestye DD Gikt Dlr 


under the operation “Xp44”. 


This programming is terminated until the series 


Cup. > Gy > Gs D.D Gai, =, {15} 


has be constructed under the operation “Xn”. 
The number m is called the length of the series of normal sub-multi-groups. 


Call a series of normal sub-multi-group 


Gp Gi > Gob- -> Gn = {1x,,} 


maximal if there exists a normal sub-multi-group H for any integer k,s,1 < k < 
n,1 < s < lą such that 


Gks > Ho Gk(s+1)» 
then H = Ct. or H = Gr(ott): For a maximal series of finite normal sub-multi- 
group, we get a result as in the following. 


Theorem 1.3.7 For a finite multi-group G = U G; and an oriented operation 
i=1 


sequence O(G): the length of the maximal series of normal sub-multi-group in G is 


a constant, only dependent on G itself. 


Proof The proof is by the induction principle on the integer n. 
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For n = 1, the maximal series of normal sub-multi-groups of G is just a com- 
position series of a finite group. By the Jordan-Hölder theorem (see [73] or [107]), 
we know the length of a composition series is a constant, only dependent on G. 
Whence, the assertion is true in the case of n = 1. 

Assume that the assertion is true for all cases of n < k. We prove it is also true 
in the case of n = k +1. Not loss of generality, assume the order of those binary 

. . = yy . . . . 
operations in O(G) being x; > X2 > --: > Xn and the composition series of the 


group (Gj, x1) being 


Gib Goe---b Gs = {1x}: 


By the Jordan-Holder theorem, we know the length of this composition series 
is a constant, dependent only on (G1; x1). According to Theorem 3.6, we know 
a maximal series of normal sub-multi-groups of G gotten by STEP 1 under the 


operation “xı” is 


G > G \ (Gi \ G2) > G \ (Gi \ G3) bb G\ (Gi \ {ba D 


Notice that G \ (G, \ {1x,}) is still a multi-group with less or equal to k 
operations. By the induction assumption, we know the length of the maximal series 
of normal sub-multi-groups in G \ (Gi \ {1x,}) is a constant only dependent on 
G \ (Ga \ {1,,}). Therefore, the length of a maximal series of normal sub-multi- 
groups is also a constant, only dependent on G. 

Applying the induction principle, we know that the length of a maximal series 
of normal sub-multi-groups of G is a constant under an oriented operations O(G), 
only dependent on G itself. i 


As a special case of Theorem 1.3.7, we get a consequence in the following. 


Corollary 1.3.4(Jordan-Hölder theorem) For a finite group G, the length of its 


composition series is a constant, only dependent on G. 


Certainly, we can also find other characteristics for multi-groups similar to group 
theory, such as those to establish the decomposition theory for multi-groups similar 
to the decomposition theory of abelian groups, to characterize finite generated multi- 


groups, ---, etc.. More observations can be seen in the finial section of this chapter. 
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1.3.3 Multi-Rings 


Definition 1.3.4 Let R= U R; bea complete multi-space with a double operation 
i=1 

set O(R) = {(+i, Xi), 1 < i < m}. If for any integers i,j, i # j,1 < ij < m, 

(Ri; +i, Xi) is a ring and 


(Pay yy ea Fee). (£XxXiy)xjz =x Ge) 


for Vx,y,z € R and 


£ Xi ly +z) =£Xiy +£ Xiz, (Y +;z) Xita=yxiet+;2Xi2 


if all of these operating results exist, then R is called a multi-ring. If (R; +i, Xi) is 
a field for any integer 1 < i < m, then R is called a multi-field. 


For a multi-ring R = U R;, let S C Rand O(S) c O(R), if S is also a multi- 
i=1 
ring with a double operation set O(S) , then we call S a sub-multi-ring of R. We 


get a criterion for sub-multi-rings in the following. 


Theorem 1.3.8 For a multi-ring R = U R;, a subset Š C R with O(S) c O(R) is 
i=l 


a sub-multi-ring of R if and only if (ÙN Rk; +p, Xk) is a subring of (Rp; +k, Xk) or 
SAR, =V for any integer k,1<k<m. 


Proof For any integer k,1 < k < m, if (SN Ry; +x, X) is a subring of 
(Rk; +k, Xk) Or SAR, = 0, then since S$ = U (SNR; ), we know that Š is a sub- 
multi-ring by the eliminon of a sub- E 

Now if § = Ù S;, is a sub-multi-ring of R with a double operation set O(S) = 
Chis Xu) 1 < i 7 s}, then (Si; +i, Xi) is a subring of (Ri; +i, Xi; )- Therefore, 
Si; = RoS for any integer j,1 < j < s. But SQS, = H for other integer 
le {i;i <i<m}\ {iil <j <s} ' 


Applying these criterions for subrings of a ring, we get a result in the following. 
Theorem 1.3.9 For a multi-ring R = U R;, a subset Š C R with O(S) c O(R) is 
i=1 


a sub-multi-ring of R if and only if (SN Rj; +;) < (Ry; +;) and (S; x;) is complete 
for any double operation (+ ;, xj) € O(S). 
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Proof According to Theorem 1.3.8, we know that S is a sub-multi-ring if and 
only if (SN Rs +i, x;) is a subring of (Ri; +;, Xi) or SAR; = 0 for any integer 
i, 1 <íi< m. By a well known criterion for subrings of a ring (see also [73]), we know 
that (SN Rj; +, X;) is a subring of (Ri; +;, x;) if and only if (SQ Rj; +;) < (Rj; +;) 
and (9; x,) is a complete set for any double operation (+;, x;) € O(S). This 
completes the proof. i 

We use multi-ideal chains of a multi-ring to characteristic its structure proper- 
ties. A multi-ideal I of a multi-ring R = U R; with a double operation set O(R) is 


a sub-multi-ring of R satisfying the following conditions: 


(i) I is a sub-multi-group with an operation set {+| (+, x) € O(D}; 
(ii) for any r € Ra € I and (+, x) € O(Ď,r xa € landaxr € T if all of 


these operating results exist. 


Theorem 1.3.10 A subset I with O(1),O(1) c O(R) of a multi-ring R = U R; 
i=l 

with a double operation set O(R) = {(+i, x)| 1 < i < m} is a multi-ideal if and only 

if (IN Ri, +i, X;) is an ideal of the ring (Ri, +i, xi) or INR; = 0 for any integer 


i1<i<m. 


Proof By the definition of a multi-ideal, the necessity of these conditions is 
obvious. 

For the sufficiency, denote by R(4+, x) the set of elements in R with binary 
operations “+” and “x”. If there exists an integer i such that ÎN R; # Ú and 
(IN Ri, +i, Xi) is an ideal of (R;, +;, x;), then for Va € INR, Vr; € R;, we know 
that 


ri xia € ÎR; a Xiri € ÎN Ri. 


Notice that R(+;, x;) = Ri. Thereafter, we get that 


rxia c INR and axir € ÎN R; 


for Yr € R if all of these operating results exist. Whence, J is a multi-ideal of R. 


' 


A multi-ideal I of a multi-ring R is said to be maximal if for any multi-ideal 
T, RD I’ DT implies that T = R or I’ = I. For an order of the double operations 
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in the set O(R) of a multi-ring R = U R;, not loss of generality, let the order be 
i=1 


(+1, X1) > (+2, X2) = +++ + (+m; Xm), we can define a multi-ideal chain of R by 


the following programming. 


(i) Construct a multi-ideal chain 





R > Ry > Ris Diss > Ris, 





under the double operation (+1, x1), where Ri is a maximal multi-ideal of R and 
in general, Riin is a maximal multi-ideal of Ry; for any integer 2, 1<i<m-1. 


(ii) If a multi-ideal chain 





R > Riu > Rie Dees Digs De > Ra SRS >) Ris; 





has been constructed for (+1, X1) > (+2, X2) > ++: > (+i Xi), L< i <m- 1, then 


construct a multi-ideal chain of Ris; 


Ris, 2 Ro bl 2 Ra EHDA Ro +1)s1 








under the double operation (+;41, Xi+1), where Rosy is a maximal multi-ideal of 
Ris, and in general, Ranan is a maximal multi-ideal of Rosy; for any integer 
j,1 <j <s;—1. Define a multi-ideal chain of R under (+1, x1) > (+2, X2) = > 


(+541, Xi41) to be 








RoR See > Ris ya Roe: Re, ) Rea DoD Readies: 


Similar to multi-groups, we get a result for multi-ideal chains of a multi-ring in 


the following. 


Theorem 1.3.11 For a multi-ring R = UJ R;, its multi-ideal chain only has finite 
i=1 
terms if and only if the ideal chain of the ring (Ri; +i, xi) has finite terms, i.e., each 


ring (Ri; +i, Xi) is an Artin ring for any integer i, 1 <i < m. 


Proof Let the order of these double operations in O(R) be 


(+1, x1) >= (+2, x2) PE RAS (Frs Xr) 
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and let a maximal ideal chain in the ring (Ry; +1, x1) be 


Ri > Ry > > Rig. 


Calculate 


Ru=R\{Ri\Ru} =Ru UU Ri), 


1=2 
Ry = Ru \ {Riu \ Rj} = Rie UUS Ri), 
i=2 
Rig = Rix: \ { Rit, —1) \ Rin} = Rin UU R;). 
1=2 


According to Theorem 1.3.10, we know that 





R > Ra > Ris Jei > Rain 





is a maximal multi-ideal chain of R under the double operation (+1, x1). In general, 


for any integer 7,1 < i < m — 1, assume 


R; > Ra > e > Riu 
is a maximal ideal chain in the ring (Ra-1u-1; +i Xi). Calculate 


Ru = Riz U Rix (Ri). 


j=i+1 


Then we know that 





> Ra > Rio J paa >) Rin 





Ra 1)tj-1 
is a Maximal multi-ideal chain of Rút under the double operation (+;, x;) by 
Theorem 3.10. Whence, if the ideal chain of the ring (Ri; +;, x;) has finite terms 
for any integer i,1 < i < m, then the multi-ideal chain of the multi-ring R only 


has finite terms. Now if there exists an integer 79 such that the ideal chain of the 
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ring (Ri,,+i9, Xio) has infinite terms, then there must also be infinite terms in a 
multi-ideal chain of the multi-ring R. j. 
A multi-ring is called an Artin multi-ring if its each multi-ideal chain only has 


finite terms. We get a consequence by Theorem 1.3.11. 


Corollary 1.3.5 A multi-ring R = U R; with a double operation set O(R) = 
{(+;, x)| 1 <i < m} is an Artin mahi ring if and only if the ring (Rj; +i, X;) 


is an Artin ring for any integeri, 1 <i <m. 


For a multi-ring R = U R; with a double operation set O(R) = {(+;, x;)| 1 < 
i < m}, an element e is an nue element if e? = e x e = e for a double binary 
operation (+, x) € O(R). We define the directed sum I of two multi-ideals T, and 
bh as follows: 

(i) TEL 1U h; 

(ii) LAL = {04}, or I NI = 0, where 0, denotes an unit element under the 
operation +. 


Denote the directed sum of A and I. 2 by 


IOR 
t= h for any liei implies that l= or h = ie then I is called non- 
reducible. We get the following result for Artin multi-rings similar to a well-known 


result for Artin rings (see [107] for details). 


Theorem 1.3.12 Any Artin multi-ring R = U R; with a double operation set 
i=l 


O(R) = {(+i, x;)| 1 <i < m} is a directed sum of finite non-reducible multi-ideals, 
and if (Ri; +i, Xi) has unit 1x, for any integer i,1 < i < m, then 


R= aT Bi Ri Xi iy) (ez Xi Ri)), 


i=l g=1 
where e4j,1 < j < s; are orthogonal idempotent elements of the ring Ri. 
Proof Denote by M the set of multi-ideals which can not be represented by 


a directed sum of finite multi-ideals in R. According to Theorem 3.11, there is a 


minimal multi-ideal fọ in M. It is obvious that Ip is reducible. 
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Assume that Tp = l+. Then I, g M and Ís g M. Therefore, T, and Ih 
can be represented by a directed sum of finite multi-ideals. Thereby Jp can be also 
represented by a directed sum of finite multi-ideals. Contradicts that Ip € M. 

Now let 


R = Di, 
i=1 


where each fee 1 < i < sis non-reducible. Notice that for a double operation (+, x), 


each non-reducible multi-ideal of R has the form 


(e x R(x)) U(R(«) x e), e € R(x). 


Whence, we know that there is a set T C R such that 


R= @® _ (ex R(x) URS) x e). 
e€T, xEO(R) 


For any operation x € O(R) and the unit 1x, assume that 


1. =e, Be p: Pe, e; E€ T, Ll<i<s. 


Then 


ei X ly = (e; X €1) Q (e; X e2) B --- @ (e; X €). 


Therefore, we get that 


ei = ei X e; = @ and e; x ej = 0; for a j. 


That is, e;,1 < i < l are orthogonal idempotent elements of R(x). Notice that 
R(x) = Rp for some integer h. We know that e;, 1 < i < lare orthogonal idempotent 
elements of the ring (Ra, +n, Xn). Denote by ep; for e;, 1 < i < l. Consider all units 


in R, we get that 


m si 


R= DBR xi eller xi R). 


i=1 j=1 


This completes the proof. h 
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Corollary 1.3.6 Any Artin ring (R ;+, x) is a directed sum of finite ideals, and if 
(R ;+,x) has unit 1x, then 


R= QB Fees, 
i=1 
where e;,1 < i < s are orthogonal idempotent elements of the ring (R; +, x). 


Similarly, we can also define Noether multi-rings, simple multi-rings, half-simple 


multi-rings, ---, etc. and find their algebraic structures. 


1.3.4 Multi-Vector spaces 


ee k 
Definition 1.3.5 Let V = U V; be a complete multi-space with an operation set 
i=1 


OV) = {(4:,-:) | 1 < i < m} and let F = UR be a multi-filed with a double 
operation set O(F) = {(+;, x;) | 1 <i < k}. TF for any integers i,j, 1<i,7 <k 
and Va,b,c € V, kı, k2 € F, 

(i) (Vi; +i,-;) is a vector space on F; with vector additive “+,” and scalar 
multiplication “+;” ; 

(ii) (atib)+je = a+:(b+;c); 

(iii) (kı +i k2) j a = kı +i (k2 +; a); 
provided these operating results exist, then V is called a multi-vector space on the 
multi-filed space F with an double operation set O(V), denoted by (V; F). 





For subsets V4 c V and F, Cc F, if (Vi; Fi) is also a multi-vector space, then 
we call (Vi; F) a multi-vector subspace of (V; F). Similar to the linear space theory, 


we get the following criterion for multi-vector subspaces. 


Theorem 1.3.13 For a multi-vector space (V; F), Vi C V and F, c F, (Vi; Fi) is 
a multi-vector subspace of (V; F) if and only if for any vector additive “+”, scalar 
multiplication “-” in (Vi; F) and Ya,b € V, Va € F, 

Qa: a+b E V 
provided these operating results exist. 


E k z k - k on 
Proof Denote by V = U V, F = U Fi. Notice that Vi = U(ViN Vi). By 
1 i=1 ‘=i 
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definition, we know that (Vj; F1) is a multi-vector subspace of (V; F) if and only if 
for any integer i, 1 < i < k, (Vi Vi; +i, +i) is a vector subspace of (V;,+;,-;) and F, 
is a multi-filed subspace of F or V NV =l. 

According to a criterion for linear subspaces of a linear space ([33]), we know 
that (Vi Vi; +i, +i) is a vector subspace of (V;,+;,-;) for any integer 7,1 < i < k if 
and only if for Ya, b € Vi NV, a € F,, 


Q ʻi a+;b € V NV 
That is, for any vector additive “+” , scalar multiplication “-” in (Vi; Fi) and 
Va,b € V, Va € F, if a- a+b exists, then a-atbe VY. t 


Corollary 1.3.7 Let (Ū; F), (W; Fy) be two multi-vector subspaces of a multi-vector 
space (V; F). Then (Ù QW; Fi N Fy) is a multi-vector space. 


For a multi-vector space (V; F ), vectors a, @,°°+, an € V, if there are scalars 


Q4,02,°°+,An € F such that 


a1 +1 AY +109 +2 AQ+42° ++ 4+n—10n ‘n An = 0, 
where 0 € V is a unit under an operation “+” in V and 4;,-; € O(V), then these 
vectors aq, @2,°°*, an are said to be linearly dependent. Otherwise, a, a2,---, a, are 
said to be linearly independent. 
Notice that there are two cases for linearly independent vectors aj, a2,--+, an 


in a multi-vector space: 


(i) for scalars ay,a2,-++,Qn € F, if 


Qy +1 AYATAg +2 apto te 4+n—-1An n An = O, 
where O is a unit of V under an operation “+” in O(V), then a, = 04,,a2 = 
04,,°°°,Qn = 04,, where 04, is the unit under the operation “+;” in F for integer 
Vik St Rhy 


(ii) the operating result of a, +; ay+ a9 +2 a2+2 + © Hn—1@n ‘n An does not exist. 


Now for a subset 9 C V, define its linearly spanning set (3 ) to be 


(8) ={a]a= a 1 artia zasta: E V,a; € S, ai € Fi > 1}. 
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For a multi-vector space (V; F), if there exists a subset S, S CV such that V = (3), 
then we say S is a linearly spanning set of the multi-vector space V. If these vectors 
in a linearly spanning set S of the multi-vector space V are linearly independent, 
then 9 is said to be a basis of V. 


Theorem 1.3.14 Any multi-vector space (V; F) has a basis. 
x k ~ k : 
Proof Assume V = U V;, F = U F; and the basis of the vector space (Vj; +, +i) 
i=1 i=1 


is A; = {ai1, aiz, a -, Ain, }, 1 < 1 < k. Define 


‘Ce 


Al 


Then A is a linearly spanning set for V by definition. 

If these vectors in A are linearly independent, then A is a basis of V. Otherwise, 
choose a vector b; € A and define A, = A \ {b1}. 

If we have obtained a set Â., s > 1 and it is not a basis, choose a vector 
bs41 € A, and define Ayi = A, \ {boii}. 

If these vectors in Neli are linearly independent, then Rasa is a basis of V. 
Otherwise, we can define a set Reus again. Continue this process. Notice that all 
vectors in A; are linearly independent for any integer i,1 < i < k. Therefore, we 
can finally get a basis of V. f 

Now we consider finite-dimensional multi-vector spaces. A multi-vector space 
V is finite-dimensional if it has a finite basis. By Theorem 1.2.14, if the vector 
space (V;;+;,-;) is finite-dimensional for any integer i,1 < i < k, then (V; F) is 
finite-dimensional. On the other hand, if there is an integer io, 1 < io < k such that 
the vector space (Vij;+ig, io) is infinite-dimensional, then (V; F) is also infinite- 


dimensional. This enables us to get a consequence in the following. 


S R k A k 
Corollary 1.3.8 Let (V; F) be a multi-vector space with V = U V, F = U F;. 
i=1 i=1 
Then (V; F) is finite-dimensional if and only if (Vi; +:, +i) is finite-dimensional for 
any integer i,1 <i <k. 


Theorem 1.3.15 For a finite-dimensional multi-vector space (V; F), any two bases 


have the same number of vectors. 
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Proof Let V= Ù V; and F = Ü Fi. The proof is by the induction on k. For 
k = 1, the assertion is sae by ‘hesperi 4 of Chapter 2 in [33]. 

For the case of k = 2, notice that by a result in linearly vector spaces (see also 
[33]), for two subspaces W1, Wz of a finite-dimensional vector space, if the basis of 
Wı N W2 is {a1, a2, -+ -, az}, then the basis of W; UW, is 


{a;, a2, eke at, bias, bi+2, ore baimw, , Cr+1, Cr+2, eee CdimW2 }, 
where, {a;1, a2, <+- , at, beti, Derose, Daimw, } is a basis of W; and {a;, a2,- +, az, 
Ctt1, Ct+2; "°, Cdimw2 f a basis of Wo. 


Whence, if V= Wi U W and F= Fi U Fo, then the basis of V is also 


{a;, a2,°°°, at, bi41, bi42, ae Daimwi; C41, Ce42,°°°, CaimW> }- 


Assume the assertion is true for k = l,l > 2. Now we consider the case of 


k =1+1. In this case, since 


l 
= UM \UVn, F = (U Fi) U Fis, 
= i=1 
by the induction assumption, we know that any two bases of the multi-vector space 
l l l 

(U V; U F;) have the same number p of vectors. If the basis of ( U Vi) N Vi+ı is 
i=l i=l i=l 
{e1, €2, +*+, €n}, then the basis of V is 


{e;, e2; 7t €n, fiiis fn+2, PES fp, Bn+1; Sn4+2,°°°5 Samia hs 
. . l l 
where {e1, €2, +++, €n, fri, free: +: fp} is a basis of (U V;; U F;) and {e1, e2, +-+, €n, 
i= — 
Bnt1) Bnt2,°°°> ZdimVi1 } is a basis of Vi}ı. Whence, the number of vectors in a basis 


of V is pt+dimV,4, — n for the case n = l+ 1. 

Therefore, we know the assertion is true for any integer k by the induction 
principle. ' 

The cardinal number of a basis of a finite dimensional multi-vector space V is 


called its dimension, denoted by dimV. 


Theorem 1.3.16(dimensional formula) For a multi-vector space (V; F) with V = 


k ~ k st, est 
U V; and F = U F;, the dimension dimV of V is 
i=1 


i=1 
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dimV = S-(-1)" 5 dim(Va N V N N Va. 


Proof The proof is by the induction on k. For k = 1, the formula is turn to a 


trivial case of dimV = dimV,. for k = 2, the formula is 


dimV = dimV, + dim V> — dim(Vı N dimV2), 


which is true by the proof of Theorem 1.3.15. 
Now we assume the formula is true for k = n. Consider the case of k = n + 1. 


According to the proof of Theorem 1.3.15, we know that 








dimV = dim( (L) Vi) + dimVn41 — dim((U Vi) N Vaz) 
i=1 (U 
= dim(U Vj) + dimV,41 — dim(( (Vif) Vn) 
i=1 i=1 
= dimVns1+ )o(-1)? 3 dim(Va NVa NVa) 
i=1 {i1,i2, ii} C {1,2 n} 
T Sel 5 dim(Va (V (N Va N Va) 
i=1 {i1,i2, ii} C{1,2, n} 
E >D dim(Va (V NVa). 
i=1 {i1,i2, ii} C{1,2, k} 
By the induction principle, we know the formula is true for any integer k. L 


As a consequence, we get the following formula. 


Corollary 1.3.9(additive formula) For any two multi-vector spaces V, V, 
dim(V U V2) = dimV, + dimV> — dim(V; N V2). 


§1.4 Multi-Metric Spaces 
1.4.1. Metric spaces 


A set M associated with a metric function p : M x M—> Rt = {x | x € R,x > 0} 


is called a metric space if for Vx, y, z E M, the following conditions for p hold: 
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(1)(definiteness) p(x,y) = 0 if and only if x = y; 

(i) (symmetry) p(z, y) = p(y, £); 

(iii) (triangle inequality) p(x,y) + ply, z) > plz, z). 

A metric space M with a metric function p is usually denoted by (M ; p). Any 
xz,x € M is called a point of (M ; p). A sequence {£n} is said to be convergent to x 
if for any number e > 0 there is an integer N such that n > N implies p(xn,£z) < 0, 


denoted by lim £n = x. We have known the following result in metric spaces. 


Theorem 1.4.1 Any sequence {£n} in a metric space has at most one limit point. 


For x) E M and € > 0, a e-disk about 2p is defined by 


B(xo,€) = { x | x € M, p(x, zo) < e€}. 


If A C M and there is an e-disk B(x£ọ,€) D A, we say A is a bounded point set of 
M. 


Theorem 1.4.2 Any convergent sequence {x,} in a metric space is a bounded point 


set. 


Now let (M, p) be a metric space and {£p} a sequence in M. If for any number 
e€ > 0,€ € R, there is an integer N such that n,m > N implies p(£n,&m) < €, we 
call {x,} a Cauchy sequence. A metric space (M, p) is called to be completed if its 


every Cauchy sequence converges. 


Theorem 1.4.3 For a completed metric space (M, p), if an e-disk sequence {B,,} 
satisfies 
(i) BLD BD- DBD- 


(ii) lim en = 0, 








where en > 0 and Bn = { x | x E€ M, p(z, £n) < €n} for any integer n,n = 1,2,- >, 


then N By only has one point. 
n=1 


For a metric space (M, p) and T : M — M a mapping on (M, p), if there exists 
a point x* E€ M such that 
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then x* is called a fized point of T. If there exists a constant 7,0 <1 < 1 such that 


p(Tx, Ty) < np(z, y) 


for Vz,y € M, then T is called a contraction. 


Theorem 1.4.4 (Banach) Let (M, p) be a completed metric space and let T : M —> 


M be a contraction. Then T has only one fixed point. 


1.4.2. Multi-Metric spaces 


Definition 1.4.1 A multi-metric space is a union M = U M; such that each M; is 
a space with a metric pi for Vi, 1 <i <m. aa 

When we say a multi-metric space M = U M;, it means that a multi-metric 
space with metrics p1, P2,°**, Pm Such that (Mi a is a metric space for any integer 


~ m ~ 
i, 1 <i <m. For a multi-metric space M = U M;, x € M and a positive number 
i=1 


R, a R-disk B(x, R) in M is defined by 


B(x, R) = { y | there exists an integer k,1 < k < m such that p(y, x£) < R,y € M} 


Remark 1.4.1 The following two extremal cases are permitted in Definition 1.4.1: 














(i) there are integers 71, %2,---,7, such that M;, = Mi --- = M;,, where 
ij € LAr es LS <s; 
(ii) there are integers 1;,l2,---,l, such that pj, Ph +++ = pu, Where 


l € {1,2, m}, I <j <s. 


For metrics on a space, we have the following result. 


Theorem 1.4.5 Let p1, p2,***, Pm bem metrics on a space M and let F be a function 
on R™ such that the following conditions hold: 
(i) F(x1,%2,+++, £m) = F(y1, Y2, Ym) for Vi, 1 < i < m, qi È yi; 


(ii) F (£1, £2, +*+, 0m) = 0 only if xı Lg =- = Lm = Q; 








(iii) for two m-tuples (£1, £2,* `, Em) and (Y1, Y2; ``, Ym), 


F(x£1, £2, +, 2m) + F(y1, Y2, Ym) 2 F(x + yi, £2 + Yor ++) Em + Ym)- 
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Then F(p1, P2,°++;Pm) is also a metric on M. 
Proof We only need to prove that F'(p1, (2,--+, Pm) satisfies those of metric 


conditions for Vz, y, z E€ M. 

By (ii), F (p1(x, y), p2(@,Y), +++, Pm(£,Y)) = 0 only if pi(x, y) = 0 for any integer 
i. Since p; is a metric on M, we know that x = y. 

For any integer i, 1 < i < m, since p; is a metric on M, we know that p;(x, y) = 
pily, x). Whence, 


F(pı(x£, y), palz, Y), `, Pm(£,Y)) = F (p1 (y, £), poly, £), *, Pm(y, £)). 


Now by (i) and (iii), we get that 


F(pı(£, y), p2al£, Y), Pm(2,Y)) + F(p1ly, 2), Pay, 2), Pml, 2)) 
> F(pi(z,y) + pily, z), p2(z, y) + p2(y, 2), *, Pm(£, Y) + Pmly, 2)) 
Zz F(pi(a, z), p2(z, z), ~ `, Pm(Z, z)). 


Therefore, F'(p1, P2,°-+, Pm) is a metric on M. h 


Corollary 1.4.1 If p1, p2,--+, Pm are m metrics on a space M, then p1 +po2+---+Pm 














Pl Í p2 E EE Pm : 
and eee a + Tro are also metrics on M. 


A sequence {zn} in a multi-metric space M= U Mi; is said to be convergent to 


g= 


a point x,x € M if for any number e > 0, there exist numbers N and i1 <i <m 
such that 


piln, £) < € 
provided n > N. If {xn} is convergent to a point x,z € M, we denote it by 
lim Lip OE: 
We get a characteristic for convergent sequences in a multi-metric space as in 


the following. 


Theorem 1.4.6 A sequence {£n} in a multi-metric space M= U M; is convergent 
if and only if there exist integers N and k,1 < k < m such that the subsequence 


{x,|n > N} is a convergent sequence in (Mp, pp). 
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Proof If there exist integers N and k,l < k < m such that {z,|n > N} is 
a convergent sequence in (Mk, pk), then for any number e > 0, by definition there 


exist an integer P and a point x,x E€ Mp such that 


Pr(@n, £) < € 


if n > maz{N, P}. 

Now if {x,} is a convergent sequence in the multi-space M, by definition for 
any positive number € > 0, there exist a point x, € M, natural numbers N (e) and 
integer k,1 < k < m such that if n > N(e), then 


Di Bays) < €. 
That is, {z,|n > N(e)} C Mp and {z |n > N(e)} is a convergent sequence in 


(Mz, pr). ' 


Theorem 1.4.7 Let M = U M; be a multi-metric space. For two sequences {£n}, 
i=l 
{Yn} in M, if lim ia =T lim Yn = yo and there is an integer p such that xo, yo E Mp, 


then lim PplZn, Yn) = Cal Zo, Yo)- 


Proof According to Theorem 1.4.6, there exist integers Mı and Nə such that if 
n > max{N,, No}, then £n, Yn E Mp. Whence, we know that 


Pp(2ny Yn) < Pp(Ln, £0) + Pp(Lo, Yo) + Pp(Yns Yo) 


and 


Pp(£0, Yo) < PplEn, £0) + PplEn, Yn) + PplYn, Yo)- 


Therefore, 


|Pp(Tn, Yn) = Pp(Xo, Yo)| < Pp(Xn; Xo) an PplYn, Yo): 


Now for any number e > 0, since lim £n = £o and lim Yn = Yo, there exist num- 
bers Nı (e), Ni(e) > Ni and No(e), No(e) > No such that pp(£n, £0) < $ifn > Ni(e) 
and PplYn: y0) < $ ifn > No(e). Whence, if we choose n > mas{ N; (e), No(e)}, 
then 
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|Pp(£n, Yn) — Pp(Xo, Yo)| < €. ' 


Whether can a convergent sequence have more than one limiting points? The 


following result answers this question. 


Theorem 1.4.8 Jf {x,} is a convergent sequence in a multi-metric space M= 


U M;, then {x,} has only one limit point. 
i=l 


Proof According to Theorem 1.4.6, there exist integers N and i,l <i <m 
such that zn E€ Mi; ifn > N. Now if 


lim £n = xı and limz, = £2, 
n n 


and n > N, by definition, 


0 < pi(£1, 22) < piltn, £1) + pil£n, £2). 


Whence, we get that p;(£1, £2) = 0. Therefore, 2; = T3. ' 


Theorem 1.4.9 Any convergent sequence in a multi-metric space is a bounded points 


set. 


Proof According to Theorem 1.4.8, we obtain this result immediately. h 

A sequence {zp } in a multi-metric space M= U M; is called a Cauchy sequence 
if for any number e > 0, there exist integers N (and s,1 < s < m such that for 
any integers m,n > N(e), Ps(@m,2n) < €. 


Theorem 1.4.10 A Cauchy sequence {xn} in a multi-metric space M= U M; is 
convergent if and only if {£n} N M| is finite or infinite but {£n} Mz is P 
in (Mk, pk) for Vk, 1 <k<m. 


Proof The necessity of these conditions in this theorem is known by Theorem 
1.4.6. 

Now we prove the sufficiency. By definition, there exist integers s,1 < s < 
m and Nı such that xz, € M, if n > Ni. Whence, if |{a,}Mz| is infinite 
and lim{2n} N Mk = x, then there must be k = s. Denote by {zn} NM; = 


{£k1, Uk2,° °° > Tkn? }. 
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For any positive number e > 0, there exists an integer No, No > Nı such that 
PklEm, tn) < $ and pk(£kn; £) < § ifm,n > Nə. According to Theorem 1.4.7, we 
get that 


PklEn, £) < PklEn, Len) + PklEkn, £) < € 


if n > Na. Whence, lim eae f 
A multi-metric space M is said to be completed if its every Cauchy sequence is 
convergent. For a completed multi-metric space, we obtain two important results 


similar to Theorems 1.4.3 and 1.4.4 in metric spaces. 


Theorem 1.4.11 Let M = U M; be a completed multi-metric space. For an €-disk 
sequence {B(en, Xn) }, aerer > 0 for n = 1,2,3,- --, if the following conditions 
hold: 

(i) Ble, £1) D B(e2, £2) D B(e3, £3) D- D Blen, £n) D-5; 

(ii) tim En = 0, 


then n B(en, Ln) only has one point. 


n=1 


Proof First, we prove that the sequence {x,} is a Cauchy sequence in M. 
By the condition (i), we know that if m > n, then tm E€ B(em, £m) C Blen, £n). 
Whence pi(£m, £n) < €n provided £m, &n E M; for Vi, 1 <i <m. 

Now for any positive number e€, since „im En = 0, there exists an integer N (e) 
such that if n > N(e), then en < e. Therefore, if zn € Mı, then „im ta = ia 
Thereby there exists an integer N such that if m > N, then £m € Mı by Theorem 
1.4.6. Choice integers m,n > max{N, N(e)}, we know that 


Pilm; En) < En < €. 


So {zn} is a Cauchy sequence. 
By the assumption that M is completed, we know that the sequence {z,,} 
is convergent to a point zo, £o € M. By conditions of (i) and (ii), we get that 


pilo, £n) < €n if m — +00. Whence, zo € A Blen, £n). 


Now if there is a point y € T B(en, £n), then there must be y E€ Mı. We get 
n=1 
that 
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0 < pily, £o) = limpily, tn) < lim en = 0 


by Theorem 1.4.7. Therefore, p(y, £o) = 0. By the definition of a metric function, 
we get that y = Zo. h 

Let M, and M be two multi-metric spaces and let f : Mı —> M2 be a mapping, 
zo € Mi, f(xo) = yo. For Ve > 0, if there exists a number ô such that f(x) = y € 
Ble, yo) C Mg for Vr € B(6, Xo), i.e., 


f(B(6, x0)) C Ble, yo), 


then we say that f is continuous at point x9. A mapping f : M, — Mb is called a 
continuous mapping from M, to Mo if f is continuous at every point of Mi. 
For a continuous mapping f from M, to My and a convergent sequence {2n} 


in Mı, lim £n = £o, we can prove that 
n 


lim f (tn) = f (20). 


For a multi-metric space M = U M; and a mapping T : M —M , if there is 
a point x* € M such that Tx* = r, then x* is called a fixed point of T. Denote 
the number of fixed points of a mapping T in M by #®(T). A mapping T is called 
a contraction on a multi-metric space M if there are a constant a,0 < a < 1 and 


integers 7,j,1 < i,j < m such that for Yx, y € Mi, Tz, Ty E€ M; and 


p;(Tz, Ty) < ap;i(x, y). 


Theorem 1.4.12 Let M = U M; be a completed multi-metric space and let T be a 
j=1 


— 


contraction on M. Then 
1 <* (T) <m. 
Proof Choose arbitrary points £o, yo E Mı and define recursively 


Inti = TEn, Yn+1 = TEn 
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for n = 1,2,3,---. By definition, we know that for any integer n,n > 1, there exists 


an integer 7,1 < i < m such that £n, Yn E M;. Whence, we inductively get that 


0 < Pi(ZLn; Yn) < a” p1(Xo, Yo). 


Notice that 0 < a < 1, we know that lim a” = 0. Thereby there exists an 


integer tio such that 


Pig (lim rys lim Yn) = 0. 


Therefore, there exists an integer Nı such that £n, Yn € Mi ifn > Ni. Now if 
n > Nı, we get that 


Pio (TEn, Tni) 


Pio Cree Tn) 


IA 


Pio (En, Ln—1) = APio (TEn—1, L295) 


A Polin- En—-2) < +++ S a p;, (2,41, ZN). 


IA 


and generally, form > n > Ni, 





Pio (Tins Tn) < Pio (Er En41) + Pio (Tn41, In42) +++ + Pig (tna, Tn) 
< (aT +a? +--+ +a") pity, 41,2) 
< 


Q 
IZ ge”? (£Ni+1, N1) T O(m, n z +00). 


Therefore, {x} is a Cauchy sequence in M. Similarly, we can also prove {yn} isa 
Cauchy sequence. 


Because M is a completed multi-metric space, we know that 


lim £y = liM Yn wae 
Now we prove 2* is a fixed point of T in M. In fact, by Pig (lim Tn, lim Yn) = 0, 


there exists an integer N such that 


Tn, Yn, T En, T Yn E Mio 


ifn > N +1. Whence, we know that 
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O < pig(2",T 2") <  pig(2", Ln) + Pio Yn, TZ") + Pio (£n, Yn) 
& Pio (25 En) T APio (Yn—1; 2") F Pio (Zn, Yn): 





A 


Notice that 


m, PoC" 2n) = Jin, Polina 2") = lim p(t, tn) = 0. 


We get p;,(2*, T2z*) = 0, i.e., Tz* = 2*. 


For other chosen points uo, vo € Mı, we can also define recursively 


Un+1 = Tun, Unyi = Tun 


and get a limiting point lim tiy = lim Un = u* € Mio, Tu* € Mi. Since 


Pio (2%, u*) = Pte Te) < api (2*, u*) 


and 0 <a < 1, there must be z* = u*. 


Similarly consider the points in M;,2 <i < m, we get that 


1<* OT) <m. ' 
As a consequence, we get the Banach theorem in metric spaces. 


Corollary 1.4.2(Banach) Let M be a metric space and let T be a contraction on 
M. Then T has just one fixed point. 


§1.5 Remarks and Open Problems 


The central idea of Smarandache multi-spaces is to combine different fields (spaces, 
systems, objects, ---) into a unifying field and find its behaviors. Which is entirely 
new, also an application of combinatorial approaches to classical mathematics but 
more important than combinatorics itself. This idea arouses us to think why an 
assertion is true or not in classical mathematics. Then combine an assertion with its 
non-assertion and enlarge the filed of truths. A famous fable says that each theorem 


in mathematics is an absolute truth. But we do not think so. Our thinking is that 


Chapter 1 Smarandache Multi-Spaces 49 


each theorem in mathematics is just a relative truth. Thereby we can establish new 
theorems and present new problems boundless in mathematics. Results obtained in 
Section 1.3 and 1.4 are applications of this idea to these groups, rings, vector spaces 
or metric spaces. Certainly, more and more multi-spaces and their good behaviors 
can be found under this thinking. Here we present some remarks and open problems 


for multi-spaces. 


1.5.1. Algebraic Multi-Spaces The algebraic multi-spaces are discrete repre- 
sentations for phenomena in the natural world. They maybe completed or not in 
cases. For a completed algebraic multi-space, it is a reflection of an equilibrium phe- 
nomenon. Otherwise, a reflection of a non-equilibrium phenomenon. Whence, more 
consideration should be done for algebraic multi-spaces, especially, by an analogous 


thinking as in classical algebra. 


Problem 1.5.1 Establish a decomposition theory for multi-groups. 


In group theory, we know the following decomposition result({107][82]) for 


groups. 


Let G be a finite Q-group. Then G can be uniquely decomposed as a direct 


product of finite non-decomposition Q-subgroups. 
Each finite abelian group is a direct product of its Sylow p-subgroups. 
Then Problem 1.5.1 can be restated as follows. 


Whether can we establish a decomposition theory for multi-groups similar to the 


above two results in group theory, especially, for finite multi-groups? 


Problem 1.5.2 Define the conception of simple multi-groups. For finite multi- 


groups, whether can we find all simple multi-groups? 
For finite groups, we know that there are four simple group classes ([108]): 
Class 1: the cyclic groups of prime order; 
Class 2: the alternating groups An, n > 5; 
Class 3: the 16 groups of Lie types; 


Class 4: the 26 sporadic simple groups. 
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Problem 1.5.3 Determine the structure properties of multi-groups generated by 


finite elements. 


For a subset A of a multi-group G, define its spanning set by 


(A) = {a o bla,b E€ A and o € O(G)}. 


If there exists a subset A C G such that G = (A), then call G is generated by A. 
Call G is finitely generated if there exist a finite set A such that G= (A). Then 
Problem 5.3 can be restated by 


Can we establish a finite generated multi-group theory similar to the finite gen- 


erated group theory? 


Problem 1.5.4 Determine the structure of a Noether multi-ring. 


Let R be a ring. Call R a Noether ring if its every ideal chain only has finite 
terms. Similarly, for a multi-ring R, if its every multi-ideal chain only has finite 
terms, it is called a Noether multi-ring. Whether can we find its structures similar 
to Corollary 1.3.5 and Theorem 1.3.12? 


Problem 1.5.5 Similar to ring theory, define a Jacobson or Brown-McCoy radical 


for multi-rings and determine their contribution to multi-rings. 


Notice that Theorem 1.3.14 has told us there is a similar linear theory for 


multi-vector spaces, but the situation is more complex. 


Problem 1.5.6 Similar to linear spaces, define linear transformations on multi- 


vector spaces. Can we establish a matrix theory for these linear transformations? 


Problem 1.5.7 Whether a multi-vector space must be a linear space? 
Conjecture 1.5.1 There are non-linear multi-vector spaces in multi-vector spaces. 


Based on Conjecture 1.5.1, there is a fundamental problem for multi-vector 
spaces. 


Problem 1.5.8 Can we apply multi-vector spaces to non-linear spaces? 


1.5.2. Multi-Metric Spaces On a tradition notion, only one metric maybe con- 


sidered in a space to ensure the same on all the time and on all the situation. 
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Essentially, this notion is based on an assumption that all spaces are homogeneous. 
In fact, it is not true in general. 

Multi-metric spaces can be used to simplify or beautify geometrical figures and 
algebraic equations. For an explanation, an example is shown in Fig.1.3, in where 
the left elliptic curve is transformed to the right circle by changing the metric along 


x, y-axes and an elliptic equation 


to equation 


of a circle of radius r. 


Fig.1.3 


Generally, in a multi-metric space, we can simplify a polynomial similar to the 
approach used in the projective geometry. Whether this approach can be contributed 
to mathematics with metrics? 

Problem 1.5.9 Choose suitable metrics to simplify the equations of surfaces or 


curves in R3. 


Problem 1.5.10 Choose suitable metrics to simplify the knot problem. Whether can 


it be used for classifying 3-dimensional manifolds? 


Problem 1.5.11 Construct multi-metric spaces or non-linear spaces by Banach 


spaces. Simplify equations or problems to linear problems. 
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1.5.3. Multi-Operation Systems By a complete Smarandache multi-space A with 
an operation set O(A), we can get a multi-operation system A. For example, if Ais 
a multi-field F = Ü F, with an operation set O(F) = {(+;, x;)| 1 < i < n}, then 
(F; +i, 20t tn) (F; Xi, X2 Xn) and (F; (41, x1), (+2, X2) (+n Xn)) 
are multi-operation systems. On this view, the classical operation system (R ; +) 
and (R ; x) are only sole operation systems. For a multi-operation system A, we can 
define these conceptions of equality and inequality, ---, etc.. For example, in the 
multi-operation system (F;+1,+2,--:,+n), we define the equalities =1,=2,-+-,=n 
such as those in sole operation systems (F’;+1),(F;+2),::-, (F; +n), for example, 
2 =, 2,1.4 = 1.4,---,V3 =, V3 which is the same as the usual meaning and 
similarly, for the conceptions >1, >2,---,>n and <j, <o,-++, <n. 


In a classical operation system (R ; +), the equation system 


2+2+4+6 = 15 
r+1i+3+6 = 12 
e+1+44+7 = 13 




















can not has a solution. But in the multi-operation system (F: +1, +2; +*+, +n), the 


equation system 





£ 12 14 16 =] 15 
£ gl 23 26 =2 12 
x 31 34 37 3 13 

















may have a solution x if 


pa eA E = i Var) a= 6) 


= 13+3 (—1) +3 (—4) +3 (-7). 











in (F; +1,+2,:++,-++n). Whence, an element maybe have different disguises in a 
multi-operation system. 

For the multi-operation systems, a number of open problems needs to research 
further. 


Chapter 1 Smarandache Multi-Spaces 53 


Problem 1.5.12 Find necessary and sufficient conditions for a multi-operation 
system with more than 3 operations to be the rational number field Q, the real number 
field R or the complex number field C. 


For a multi-operation system (N ; (+1, X1), (+2, X2), ++, (+n; Xn)) and integers 
a,b,c € N, if a = b x; c for an integer i, 1 < i < n, then b and c are called factors 
of a. An integer p is called a prime if there exist integers n1, no andi,1<i<n 
such that p = nı Xi ng, then p = nı or p = ng. Two problems for primes of a 
multi-operation system (N ; (+1, X1), (+2, X2),°°+,(4n; Xn)) are presented in the 


following. 


Problem 1.5.13 For a positive real number x, denote by T(x) the number of 
primes < x in (N ; (41, X1), (42, X2),°+°, (+n; Xn)). Determine or estimate T(z). 
Notice that for the positive integer system, by a well-known theorem, i.e., Gauss 


prime theorem, we have known that({15]) 


x 
Problem 1.5.14 Find the additive number properties for (N ; (+1, X1), (+2, X2), 7, 
(+n, Xn)), for example, we have weakly forms for Goldbach’s conjecture and Fermat’s 


problem ([34]) as follows. 


Conjecture 1.5.2 For any even integer n,n > 4, there exist odd primes pı, p2 and 


an integeri1,1<i<n such that n = pı +; po. 


Conjecture 1.5.3 For any positive integer q, the Diophantine equation x1 +y! = z4 
has non-trivial integer solutions (x,y,z) at least for an operation “+;” with 1 < i < 


n. 


A Smarandache n-structure on a set S means a weak structure {w(0)} on S such 
that there exists a chain of proper subsets P(n — 1) C P(n—2) C---C POA) cS 
whose corresponding structures verify the inverse chain {w(n — 1)} D {w(n—2)} D 


--- D {w(1)} D {w(0)}, i.e., structures satisfying more axioms. 


Problem 1.5.15 For Smarandache multi-structures, solves these Problems 1.5.1 — 
1.5.8. 


54 Linfan Mao: Smarandache Multi-Spaces Theory 


1.5.4. Multi-Manifolds Manifolds are important objects in topology, Riemann 
geometry and modern mechanics. It can be seen as a local generalization of Euclid 
spaces. By the Smarandache’s notion, we can also define multi-manifolds. To de- 
termine their behaviors or structure properties will useful for modern mathematics. 


In an Euclid space R”, an n-ball of radius r is defined by 


B” (r) = {(21,%2,°++,%n) |e? + 22+ o +a? <r}. 


Now we choose m n-balls Bi (ri), BS (r2),---, B2 (rm), where for any integers 
ij, 1 <i, j <m, BP(ri) BP(r;) = or not and r; = rj or not. An n-multi-ball is a 


union 


k=1 
Then an n-multi-manifold is a Hausdorff space with each point in this space has a 


neighborhood homeomorphic to an n-multi-ball. 


Problem 1.5.16 For an integer n,n > 2, classifies n-multi-manifolds. Especially, 


classifies 2-multi-manifolds. 


For closed 2-manifolds, i.e., locally orientable surfaces, we have known a classi- 


fication theorem for them. 


Problem 1.5.17 Jf we replace the word “homeomorphic” by “points equivalent” or 


“isomorphic” , what can we obtain for n-multi-manifolds? Can we classify them? 


Similarly, we can also define differential multi-manifolds and consider their con- 
tributions to modern differential geometry, Riemann geometry or modern mechanics, 


“SOC 


Chapter 2 Multi-Spaces on Graphs 


As a useful tool for dealing with relations of events, graph theory has rapidly grown 
in theoretical results as well as its applications to real-world problems, for example 
see [9], [11] and [80] for graph theory, [42] — [44] for topological graphs and combi- 
natorial map theory, [7], [12] and [104] for its applications to probability, electrical 
network and real-life problems. By applying the Smarandache’s notion, graphs are 
models of multi-spaces and matters in the natural world. For the later, graphs are 
a generalization of p-branes and seems to be useful for mechanics and quantum 


physics. 


§2.1 Graphs 


2.1.1. What is a graph? 


A graph G is an ordered 3-tuple (V, Æ; I), where V, E are finite sets, V # Ø and 
I: E—-V~xV. Call V the vertex set and E the edge set of G, denoted by V(G) and 
E(G), respectively. Two elements v € V(G) and e € E(G) are said to be incident 
if I(e) = (v, x) or (x, v), where x € V(G). If (u,v) = (v,u) for Vu,u € V, the graph 
G is called a graph, otherwise, a directed graph with an orientation u — v on each 
edge (u,v). Unless Section 2.4, graphs considered in this chapter are non-directed. 

The cardinal numbers of |V(G)| and |E(G)| are called the order and the size of 
a graph G, denoted by |G| and ¢(G), respectively. 

We can draw a graph G on a plane >> by representing each vertex u of G by 
a point p(u), plu) # p(v) if u # v and an edge (u,v) by a plane curve connecting 
points p(w) and p(v) on £, where p : G — P is a mapping from the graph G to P. 

For example, a graph G = (V, E; I) with V = {v1, vo, v3, va}, E = {1, €2, €3, €4, C5, 
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€6, €7, €8, €9, €10} and I(e;) = (vi, vi), 1 < i < 4; I (e5) = (v1, v2) = (v2, v1), I(e8) = 
(v3, va) = (v4, v3), I(e6) = I(e7) = (v2,v3) = (vs, v2), I(es) = I(e9) = (v4, vı) = 


(vı, v4) can be drawn on a plane as shown in Fig.2.1 





Fig 2.1 


In a graph G = (V, E; I), for Ve € E, if I(e) = (u,u),u € V, then e is called 
a loop. For Ve1,e2 € E, if I (e1) = I (e2) and they are not loops, then e; and es are 
called multiple edges of G. A graph is simple if it is loopless and without multiple 
edges, i.e., Ve1,e2 E€ E(T), I(e1) # I(e2) if e1 # e2 and for Ve € E, if I(e) = (u,v), 
then u 4 v. In a simple graph, an edge (u,v) can be abbreviated to wv. 

An edge e € E(G) can be divided into two semi-arcs e,, € if [(e) = (u,v). Call 
u the root vertex of the semi-arc e„. Two semi-arc e„, f, are said to be v-incident 
or e—incident if u = v or e = f. The set of all semi-arcs of a graph G is denoted by 
X 1 (G). 

A walk of a graph T is an alternating sequence of vertices and edges u1, €1, U2, €2, 
+++, €n, Un, With e; = (ui, Uii) for 1 < i < n. The number n is the length of the 
walk. If uy = Un41, the walk is said to be closed, and open otherwise. For example, 
V1E1V1E5U2€6U3E€3V3E€7V2€2V2 is a walk in Fig.2.1. A walk is called a trail if all its edges 
are distinct and a path if all the vertices are distinct. A closed path is said to be a 
circuit. 

A graph G = (V, E; I) is connected if there is a path connecting any two vertices 
in this graph. In a graph, a maximal connected subgraph is called a component. 
A graph G is k-connected if removing vertices less than k from G still remains a 
connected graph. Let G be a graph. For Vu € V(G), the neighborhood Ng(u) of 
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the vertex u in G is defined by Ne(u) = {v|V(u, v) € E(G)}. The cardinal number 
|Ng(u)| is called the valency of the vertex u in the graph G and denoted by palu). A 
vertex v with pg(v) = 0 is called an isolated vertex and pg(v) = 1 a pendent verter. 
Now we arrange all vertices valency of G as a sequence palu) > palv) > ++: > pa(w). 
Call this sequence the valency sequence of G. By enumerating edges in E(G), the 


following result holds. 


> Pelu) = 2|E(G)|. 


ucV (G) 
Give a sequence p1, p2,''*, Pp of non-negative integers. If there exists a graph 
whose valency sequence is p1 > p2 > ++: > Pp, then we say that pj, p2,--+, Pp iS a 


graphical sequence. We have known the following results (see [11] for details). 


Theorem 2.1.1(Havel,1955 and Hakimi,1962) A sequence pi, p2,--+, Pp of non- 
negative integers with py > p2 > +++ È Pp, P È 2,p1 = 1 is graphical if and only if 


the sequence po — 1, p3 —1,°++, Pp.41 — 1, Ppi42,++*> Pp 18 graphical. 


Theorem 2.1.2(Erdds and Gallai,1960) A sequence pı, p2,---, Pp of non-negative 
p 

integers with pı > p2 È +++ È pp is graphical if and only if X pi is even and for each 
i=1 

integern,l<n<p-l, 


ye <n(n-—1)+ 5 min{n, pi}. 


i=1 i=n+1 

A graph G with a vertex set V(G) = {v1, v2,---, Up} and an edge set E(G) = 
{€1, e2, +*+, €q} can be also described by means of matrix. One such matrix is a p x q 
adjacency matriz A(G) = [aij]pxq; where a; = |I7~'(v;,v;)|. Thus, the adjacency 
matrix of a graph G is symmetric and is a 0, 1-matrix having 0 entries on its main 
diagonal if G is simple. For example, the adjacency matrix A(G) of the graph in 
Fig.2.1 is 


A(G) = 


e = N O 
e e.e O N 


1 
1 
2 
0 


N åO e me 


Let Gi = (Vi, £1; 4) and Gs = (Vo, Eo; In) be two graphs. They are identical, 
denoted by G, = Go if Va = V, Ea = Es and = I. If there exists a 1 — 1 
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mapping @: Eı > E, and ¢ : Vi > V2 such that ġl (e) = I2ọ(e) for Ve € E, with 
the convention that @(u,v) = (@(u), ọ(v)), then we say that G is isomorphic to 
Gə, denoted by Gi S Gs and ¢ an isomorphism between Gi and Gs. For simple 
graphs Hı, Hə, this definition can be simplified by (u,v) € (E) if and only if 
(olu), b(v)) € (E2) for Vu, v € Vy. 

For example, let Gi = (Vi, £1; h) and Gs = (V2, E>; I2) be two graphs with 


Yi = {v1, v2, vs}, 


E = ei €2, €3, ea}, 


I (e1) = (v1, V2), Tı (e2) = (v2, V3), Tı (e3) = (v3, v1), Tı (e4) = (v1, v1) 


and 


Vo = {u1, U2, us}, 


E = {fis fa, fs, fab, 


Io( fi) = (ur, U2), Lo(fo) = (u2, us), Lo(fs) = (us, u1), Lo(fa) = (u2, u2), 
i.e., the graphs shown in Fig.2.2. 
&4 


uj 
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Then they are isomorphic since we can define a mapping ¢ : EUV > E2U V2 by 


b(€1) = f2, O(€2) = fs, O(es) = fi, bles) = fa 


and ¢(v;) = u; for 1 < i < 3. It can be verified immediately that dli(e) = In¢(e) 
for Ve € E,. Therefore, ¢ is an isomorphism between G4 and Go. 

If Gi = G2 = G, an isomorphism between G and Gz is said to be an automor- 
phism of G. All automorphisms of a graph G form a group under the composition 
operation, i.e., ¢0(x) = O(6(x)), where x € E(G) UV(G). We denote the automor- 
phism group of a graph G by AutG. 

For a simple graph G of n vertices, it is easy to verify that AutG < Sn, the 
symmetry group action on these n vertices of G. But for non-simple graph, the 
situation is more complex. The automorphism groups of graphs Km, m = |V (Km) 
and B,,n = |E(B,)| in Fig.2.3 are AutKm = Sm and AutB, = Sp. 


i 


Kg By 


Fig 2.3 


For generalizing the conception of automorphisms, the semi-arc automorphisms 


of a graph were introduced in [53], which is defined in the following definition. 


Definition 2.1.1 A one-to-one mapping € on X1(G) is called a semi-arc automor- 
phism of a graph G if €(e,) and €(f,) are v— incident or e—incident if e, and fy are 
v—incident or e—incident for Yeu, fy € X1(G). 


All semi-arc automorphisms of a graph also form a group, denoted by Aut 1 G. 
For example, Auti Bn = S,[So]. 

For Vg € AutG, there is an induced action g|? ; Xa (G) >X 
defined by 


(G) on X1(G) 


i 
2 
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Ve, € Xı (G), gleu) = 9(€) gw): 


All induced action of elements in AutG is denoted by AutG |2. 
The graph B, shows that Aut 1 G may be not the same as AutG |2. However, 


we get a result in the following. 


Theorem 2.1.3([56]) For a graph T without loops, 


Auti T = AutT |è. 


Various applications of this theorem to graphs, especially, to combinatorial 
maps can be found in references [55] — [56] and [66] — [67]. 


2.1.2. Subgraphs in a graph 


A graph H = (VY, £1; I) is a subgraph of a graph G = (V, E; D fV CV, Ay CE 
and , : E,; — V, x Vj. We denote that H is a subgraph of G by H C G. For 
example, graphs G1, G2, G3 are subgraphs of the graph G in Fig.2.4. 


u 


"2 Mi. Mg: 8 uz 
Us Ug Us ua Ug ug 
Fig 2.4 


For a nonempty subset U of the vertex set V(G) of a graph G, the subgraph 
(U) of G induced by U is a graph having vertex set U and whose edge set consists of 
these edges of G incident with elements of U. A subgraph H of G is called vertex- 
induced if H ~ (U) for some subset U of V(G). Similarly, for a nonempty subset 
F of E(G), the subgraph (F’) induced by F in G is a graph having edge set F and 
whose vertex set consists of vertices of G incident with at least one edge of F. A 
subgraph H of G is edge-induced if H = (F} for some subset F of E(G). In Fig.2.4, 


Chapter 2 Multi-Spaces on Graphs 61 


subgraphs G and G»2 are both vertex-induced subgraphs ({u1, ua}), ({u2, us}) and 
edge-induced subgraphs ({(ui, ua) }), ({(u2, us) }). 

For a subgraph H of G, if |V(H)| = |V(G)], then H is called a spanning subgraph 
of G. In Fig.2.4, the subgraph G3 is a spanning subgraph of the graph G. Spanning 
subgraphs are useful for constructing multi-spaces on graphs, see also Section 2.4. 

A spanning subgraph without circuits is called a spanning forest. It is called a 
spanning tree if it is connected. The following characteristic for spanning trees of a 


connected graph is well-known. 


Theorem 2.1.4 A subgraph T of a connected graph G is a spanning tree if and only 
if T is connected and E(T) = |V(G)| — 1. 


Proof The necessity is obvious. For its sufficiency, since T' is connected and 
E(T) = |V(G)| — 1, there are no circuits in T. Whence, T is a spanning tree. ' 

A path is also a tree in which each vertex has valency 2 unless the two pendent 
vertices valency 1. We denote a path with n vertices by P,, and define the length of 
P,, to be n — 1. For a connected graph G, x,y € V(G), the distance d(x,y) of x to 
y in G is defined by 


dalz, y) = min{ |V (P(x, y))|— 1 | P(x,y) is a path connecting x and y }. 


For Vu € V (G), the eccentricity eg(u) of u is defined by 


eglu) = mar{ dalu, x) |z € V(G)}. 


A vertex ut is called an ultimate vertex of a vertex u if d(u, ut) = eg(u). Not loss of 
generality, we arrange these eccentricities of vertices in G in an order eg(v1), eglv2), -+> 
€c(Un) with eg(vi) < eg(ve) < --- < ee(vn), where {v1,v2,---,un} = V(G). 
The sequence {e¢(u;) }i<i<s is called an eccentricity sequence of G. If {e1,e2,---, 
es} = {ec(v1), eg(v2), >+, eG (Un) } and ez < eg < -+ < es, the sequence {e;}i<;<, is 
called an eccentricity value sequence of G. For convenience, we abbreviate an integer 
sequence {r —1+ thi<i<sqi to [r,r + 5]. 
The radius r(G) and the diameter D(G) of G are defined by 


r(G) = min{eg(u)|ue V(G)} and D(G) = mazr{eg(u)|u € V(G)}, 
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respectively. For a given graph G, if r(G) = D(G), then G is called a self-centered 
graph, i.e., the eccentricity value sequence of G is [r(G),r(G)|. Some characteristics 
of self-centered graphs can be found in [47], [64] and [108]. 

For Vx € V(G), we define a distance decomposition {V;(X) }i<i<eg(x) of G with 
root x by 


G = V(r) BVa(z) P- O Vece (2) 


where V;(x) = { u |d(z,u) =i,u € V(G)} for any integer 1,0 < i < eg(x). We get 
a necessary and sufficient condition for the eccentricity value sequence of a simple 


graph in the following. 


Theorem 2.1.5 A non-decreasing integer sequence {ri}i<i<s is a graphical eccen- 
tricity value sequence if and only if 
(i) rı < rs < 2r; 


(ii) A(ripi ri) = [ri — r| = 1 for any integer i, 1 <i < s—1. 


Proof If there is a graph G whose eccentricity value sequence is {r;}i<i<s, then 
rı < r, is trivial. Now we choose three different vertices u1, u2, u3 in G such that 
eg(u1) = rı and dg(u2, u3) = rs. By definition, we know that d(u1, u2) < rı and 
d(u1, u3) < rı. According to the triangle inequality for distances, we get that r, = 
dluz, u3) < daluz, u1) +dalu1ı, u3) = dalu, U2) + de(ui, uz) < 2r1. So rı < rs < 2r. 

Assume {e;}i<;<s is the eccentricity value sequence of a graph G. Define A (i) = 
€i41—-@€;, 1 <i < n—1. We assert that 0 < A(i) < 1. If this assertion is 
not true, then there must exists a positive integer J,1 < I < n — 1 such that 
A(I) = e741 —e€r => 2. Choose a vertex x € V(G) such that eg(x) = er and consider 
the distance decomposition {V;(2) }o<i<eg(a) of G with root z. 

Notice that it is obvious that eg(x) — 1 < eg(ui) < eg(x) + 1 for any vertex 
ui € Vi(G). Since A(T) > 2, there does not exist a vertex with the eccentricity 
eglx) + 1. Whence, we get eglu1) < eg(x) for Vu, € V(x). If we have proved 
that eg(u;) < eg(a) for Vu; E€ Vj(x), 1 < j < eg(x), we consider these eccentricity 
values of vertices in Vj41(x). Let ujii1 E€ Vj4i(x). According to the definition of 
{Vi(X) bo<i<eg(x), there must exists a vertex uj € V(x) such that (uj, uj+1) E€ E(G). 
Now consider the distance decomposition {V;(u;) to<j<eo(u) of G with root uj. Notice 
that uj. E€ Vi(u;). Thereby we get that 
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eg (uj+1) < eg(u;) + 1 < ealz) + 1. 


Because we have assumed that there are no vertices with the eccentricity eg(x)+ 
1, so eg(uj4i) < eg(x) for any vertex uj41 € Vj4i(a). Continuing this process, we 
know that ec(y) < ec(x) = er for any vertex y € V(G). But then there are no 
vertices with the eccentricity e;+1, which contradicts the assumption that A(T) > 2. 
Therefore 0 < A(i) < 1 and A (riy; ri) =1,1<i<s—-1. 

For any integer sequence {r;}ı<i<s with conditions (i) and (ii) hold, it can be 
simply written as {r,r+1,---,r+s—1} = [r,r +s-— 1], where s < r. We construct 


a graph with the eccentricity value sequence [r,r + s — 1] in the following. 


Casel s=1 

In this case, {ri}i<i<s = [r,r]. We can choose any self-centered graph with 
r(G) = r, especially, the circuit C2, of order 2r. Then its eccentricity value sequence 
is [r,r]. 
Case2 s>2 


Choose a self-centered graph H with r(H) = r,x € V(H) and a path P, = 
UugU,***Us—1. Define a new graph G = P,O H as follows: 

V(G) = V(P.)UV(H) \ {uo}, 

E(G) = (E(P,) Uf (2, 1)}U BCE) \ {lun uo)} 
such as the graph G shown in Fig.2.5. 


oO o—o—O x H 
wey Y2 "1 
G=HG)P, 
Fig 2.5 


Then we know that ealz) = r, eg(us-1) =r+s—landr < eg(x) <r+s—-1 
for all other vertices x € V(G). Therefore, the eccentricity value sequence of G is 


[r,r +s — 1]. This completes the proof. ' 
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For a given eccentricity value l, the multiplicity set Na(l) is defined by Ng(l) = 
{ «| a €V(G),e(x) =1 }. Jordan proved that the (Ng(r(G))) in a tree is a vertex 
or two adjacent vertices in 1869([11]). For a graph must not being a tree, we get 


the following result which generalizes Jordan’s result for trees. 


Theorem 2.1.6 Let {ri}i<i<s be a graphical eccentricity value sequence. If |Ne(rr)| 


= 1, then there must be I = 1, i.e., |Ne(ri)| > 2 for any integer i,2 < i < s. 


Proof Let G be a graph with the eccentricity value sequence {rj}i<ic, and 
Ne(rr) = {20},ec(ao) = rr. We prove that eg(x) > eg(xo) for any vertex x € 
V(G) \ {xo}. Consider the distance decomposition {V;(X0) }o<i<eg(ao) Of G with root 
xo. First, we prove that eg(v1) = eg(xo) + 1 for any vertex vı € Vi (xo). Since 
e€a(%p) — 1 < eg(v1) < eg(xo) + 1 for any vertex vı € Vi (xo), we only need to 
prove that ec(v1) > eg(x%o) for any vertex vı € Vı(zo). In fact, since for any 
ultimate vertex xj of xo, we have that de(xo, 74) = eg(xo). So ea(xj) > eg(xo). 
Since Ng(eq(xo)) = {20}, r Z Ne(eq(xo)). Therefore, eg(xj) > eg(xo). Choose 
vı € Vı(£o). Assume the shortest path from vı to xj is P) = vv: -vzg and 
zo Z V(P,). Otherwise, we already have eg(v1) > eg(xo). Now consider the distance 
+) of G with root xj. We know that vs € Vi(2z@). 


decomposition {V;(zx@ ) Jo<i<eg(e 


So we get that 


ealz) — 1< eg(us) < eg(ag) +1. 


Thereafter we get that eg(vs) > ealz) — 1 > eg(xo). Because Ne(ecg(20)) = {20}, 
so Us Z Ng(ec(Xo)). We finally get that eg(vs) > ea(xo). 

Similarly, choose vs, Us_1,°++,V2 to be root vertices respectively and consider 
these distance decompositions of G with roots Vs, Vs_1,-+-, U2, we get that 

eg(vs) > eg(Zo), 

ec(Us-1) > €a(2o), 
and 

eg(vi) > eg (20). 
Therefore, eg(v1) = eg(xo) + 1 for any vertex vı € Vi (xo). 

Now consider these vertices in Vo(2g). For Vug € Vo(x%o), assume that və is 


adjacent to u1, u1 E€ Vi(a). We know that eg(ve) > eg(ui) — 1 > eg(ao). Since 
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|Ne(ec(Xo))| = |Ne(rr)| = 1, we get eg(ve) > eg(ao) + 1. 

Now assume that we have proved eg(vg) > eg(Xo) +1 for any vertex ug € Vi (x0) 
UV2(a0) U-:-UVe(x0) for 1 < k < eg(xo). Let vgs: E€ Vk+ı(£0) and assume that 
Ups1 is adjacent to up in Vi (a). Then we know that eg(vz41) > ecg(ux) — 1 > 
€q(x). Since |Ne(eg(xo))| = 1, we get that eg(vp41) > ec(ao) + 1. Therefore, 
ealz) > eg(x%o) for any vertex x,x € V(G) \ {xo}. That is, if |Ne(rr)| = 1, then 
there must be J = 1. ' 


Theorem 2.1.6 is the best possible in some cases of trees. For example, the 
eccentricity value sequence of a path P»,+1 is [r,2r] and we have that |Ne(r)| = 1 
and |No(k)| = 2 for r +1 < k< 2r. But for graphs not being trees, we only found 
some examples satisfying |Ng(rı)| = 1 and |No@(r;)| > 2. A non-tree graph with 
the eccentricity value sequence [2,3] and |NG(2)| = 1 can be found in Fig.2 in the 
reference [64]. 

For a given graph G and Vj, V2 E€ V(G), define an edge cut Ea(V1, V2) by 


Ee(M, V2) = { (u,v) € E(G) | u € Vu E€ V2}. 


A graph G is hamiltonian if it has a circuit containing all vertices of G. This circuit 
is called a hamiltonian circuit. A path containing all vertices of a graph G is called 


a hamiltonian path. For hamiltonian circuits, we have the following characteristic. 


Theorem 2.1.7 A circuit C of a graph G without isolated vertices is a hamil- 
tonian circuit if and only if for any edge cut C, |E(C)Q E(C)| = O(mod2) and 
JE(C)NE(C)| = 2. 


Proof For any circuit C and an edge cut C, the times crossing C as we travel 
along C must be even. Otherwise, we can not come back to the initial vertex. if C 
is a hamiltonian circuit, then |E(C)E(C)| 4 0. Whence, |E(C)M E(C)| > 2 and 
|E(C)Q E(C)| = 0(mod2) for any edge cut C. 

Now if a circuit C satisfies |E(C)M E(C)| > 2 and |E(C)Q E(C)| = 0(mod2) 
for any edge cut C, we prove that C is a hamiltonian circuit of G. In fact, if V(G) \ 
V(C) 4 ú, choose x € V(G) \ V(C). Consider an edge cut Eg({x}, V(G) \ {x}). 
Since pq(z) # 0, we know that |Ec({x},V(G)\{z})| > 1. But since V (C) (V(G) \ 
V(C)) = 0, we know that |Ece({x}, V(G) \ {z}) MN E(C)| = 0. Contradicts the fact 
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that |E(C)ME(C)| > 2 for any edge cut C. Therefore V(C) = V(G) and Č is a 
hamiltonian circuit of G. ' 

Let G be a simple graph. The closure of G, denoted by C(G), is a graph 
obtained from G by recursively joining pairs of non-adjacent vertices whose valency 
sum is at least |G| until no such pair remains. In 1976, Bondy and Chvátal proved 


a very useful theorem for hamiltonian graphs. 


Theorem 2.1.8([5|[8]) A simple graph is hamiltonian if and only if its closure is 


hamiltonian. 


This theorem generalizes Dirac’s and Ore’s theorems simultaneously stated as 


follows: 


Dirac (1952): Every connected simple graph G of ordern > 3 with the minimum 


valency= 5 is hamiltonian. 


Ore (1960): If G is a simple graph of order n > 3 such that palu) + pa(v) >n 


for all distinct non-adjacent vertices u and v, then G is hamiltonian. 


In 1984, Fan generalized Dirac’s theorem to a localized form ({41]). He proved 
that 


Let G be a 2-connected simple graph of order n. If Fan’s condition: 


maxt{pg(u), palv) = F 


holds for Vu,v E€ V(G) provided dg(u,v) = 2, then G is hamiltonian. 

After Fan’s paper [17], many researches concentrated on weakening Fan’s con- 
dition and found new localized conditions for hamiltonian graphs. For example, 
those results in references [4], [48] — [50], [52], [63] and [65] are this type. The next 
result on hamiltonian graphs is obtained by Shi in 1992 ([84]). 


Theorem 2.1.9(Shi, 1992) Let G be a 2-connected simple graph of order n. Then 


G contains a circuit passing through all vertices of valency= 3. 


Proof Assume the assertion is false. Let C = viv- - - u,v; be a circuit containing 


as many vertices of valency> 3 as possible and with an orientation on it. For 


Vu € V(C), vt denotes the successor and v~ the predecessor of v on C. Set R = 
V(G) \ V(C). Since G is 2-connected, there exists a path length than 2 connecting 
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two vertices of C that is internally disjoint from C and containing one internal 
vertex x of valency> 5 
the length of P as small as possible. Let Ng(£) = Ne(x) N R, Nele) = Nal) NC, 
Né& (x) = {vv € No(x)} and NG (x) = {vvt € Ne(a)}. 


Not loss of generality, we may assume vı E€ V(P)MV(C). Let v, be the other 


at least. Assume C and P are chosen in such a way that 


vertex in V(P)MV(C). By the way C was chosen, there exists a vertex v, with 


If s > 3, by the choice of C and P the sets 


1<s<tsuch that pg(vs) > $ and p(v;) < $ for l <i<-s. 


No (vs) \ {ur}, No(z), Nr(vs), Nr(z), fr; Us—1} 


are pairwise disjoint, implying that 


3 
V 


INg (vs) \ {uit| + [Ne(x)| + |Nr(vs)| + |Ne(x)| + Hz, vs-1}l 
palus) + pelz) +1 >n+1, 


a contradiction. If s = 2, then the sets 


Ne (us); Nco(z), Nr(vs), Nr(z), {x} 
are pairwise disjoint, which yields a similar contradiction. h 
Three induced subgraphs used in the next result for hamiltonian graphs are 


shown in Fig.2.6. 


A pmb 


Fig 2.6 


For an induced subgraph L of a simple graph G, a condition is called a localized 
condition D,(l) if Dr(x,y) = l implies that max{pc¢(x), pa(y)} = lci for Vz, y € 
V(L). Then we get the following result. 
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Theorem 2.1.10 Let G be a 2-connected simple graph. If the localized condition 
D_,(2) holds for induced subgraphs L S Kı or Z> in G, then G is hamiltonian. 


Proof By Theorem 2.1.9, we denote by cz(G) the maximum length of circuits 
passing through all vertices> 5. Similar to Theorem 2.1.8, we know that for x,y € 
V(G), if pelt) > $, poly) > 2 and zy ¢ E(G), then ca(GU{ay}) = ca(G). 
Otherwise, ifcz(GU{zry}) > ca (G), there exists a circuit of length c2(GU{xy}) and 
passing through all vertices> 5. Let Cx be such a circuit and Ca = LTIL2 ` + Ls YL 


with s = cz (G U{zy}) — 2. Notice that 


Nels) V (G) \ V (C2 (GU{zy}))) = 0 


and 


Nely) NVG) \ V(C2(GUtzy}))) = 4. 
If there exists an integer 1,1 < i < s, rx; E€ E(G), then z;_\y Z E(G). Otherwise, 
there is a circuit C” = r@j%j41 +++ LsYLi—1Li—2 +++ in G passing through all vertices> 
3 with length ca(GU{xy}). Contradicts the assumption that cz(GU{zry}) > 
c2(G). Whence, 


palz) + paly) < |V(G) \ V(C(Cz)) 
also contradicts that pe(x) > $ and paly) > $. Therefore, ca(GU{xry}) = c2(G) 


+ |V(C(Cz))| -l=n—-1, 
2 
and generally, c2(C(G)) = ca (G). 

Now let C be a maximal circuit passing through all vertices> 5 in the closure 
C(G) of G with an orientation C. According to Theorem 2.1.8, if C(G) is non- 
hamiltonian, we can choose H be a component in C(G) \ C. Define No(H) = 
(U Noe (x))NV(C). Since C(G) is 2-connected, we get that |Nco(H)| > 2. This 
A us choose vertices £1, £2 E€ No(H), zı # £2 and x, can arrive at £ along 
C. Denote by tC r the path from zı to x2 on C and PASEA the reverse. Let P 


be a shortest path connecting z1, £2 in C(G) and 


u E Na (#1) ()V (A) ()V(P), U E Noa (z2) QVE) ()V(P). 


Then 
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E(C(G Dri trn Fl] Eee ({u1, u2}, {x1 t], 23,13 })) = 0 


and 


CRE Æ K13 or ({25, 22,03, u2}) Æ Kis. 


Otherwise, there exists a circuit longer than ČC, a contradiction. To prove this 


theorem, we consider two cases. 


Case 1 ({27,21,2f,t}) % Ky 3 and ({23, 22, xf, u2}) Æ Kis 
In this case, rj af € E(C(G)) and zzx4 € E(C(G)). By the maximality of C 


in C(G), we have two claims. 
Claim 1.1 uy = u = u 


Otherwise, let P = £1u1Y1 <- Y1u2. By the choice of P, there must be 


({27,21,27,u,y}) = Z and ditat rn = Z 


Since C (G) also has the Dz (2) property, we get that 


oe 


= n = 
max{po(ey(t1), po lu)} 2 5, maripa (t2), pe(e)(ua)} 2 
Whence, poia)(%1) = %4, Poa) (2) = $ and ryz € E(C(G)), a contradiction. 


Claim 1.2 ziz E€ E(C(G)) 


If tix Z E(C(G)), then ({a7,21,2f,u, 2}) S Za. Otherwise, we get roxy € 
E(C(G)) or x27 € E(C(G)). But then there is a circuit 


=e Sen => => _ 
Ci = t} Cri touti C rze} or Co = x7 C purer) Ca, 2: 


Contradicts the maximality of C. Therefore, we know that 


({2y „£1, ng sU; r2}) = Z2. 


By the property Dz(2), we get that pcig)(x7) = $ 
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Similarly, consider the induced subgraph E LQ, £F, U, z2}) we get that pca) (xz ) 
> 5. Whence, x; z3 € E(C(G)), also a contradiction. Thereby we know the struc- 
ture of G as shown in Fig.2.7. 





Fig 2.7 
By the maximality of C in C(G), it is obvious that x] 4 x7. We construct 


an induced subgraph sequence {Gi}i<i<m, M = |V (2I Cxt)| — 2 and prove there 
exists an integer r,1 < r < m such that G, = Zp. 

First, we consider the induced subgraph Gi = ({ar1,u, 22,2), 0, E If G S 
Z2, take r = 1. Otherwise, there must be 





{21 £2, £] T2, T] U, T] tı} E(C(G)) # 4. 


If zpr2 € E(C(G)), or zy z: € E(C(G)), or zy u € E(C(G)), there 


= . aS SS = =e Zs 4 aoe 
a circuit C3 = xj Cate, Cates, or C4 = x} Carrs CX) 27 ziuz , or 


=. 


S 








Cn =F; Cri x“, x,ux, . Each of these circuits contradicts the maximality of 
C. Therefore, rj xı E€ E(C(G)). 

Now let x7 Crt = TI Y1Yo---Ymed, where yo = 21,41 = 2, and Ym = x3”. If 
we have defined an induced subgraph G; for any integer k and have gotten y;71 € 
E(C(G)) for any integer i,1 < i < k and yi; 4 x3", then we define 


Gk+1 = ({Yk+1, Yk, £1, £2, u}) : 


If Gey = Z2, then r = k + 1. Otherwise, there must be 


LY KUL, YI, Yk+1U, Yeoile, Yeriti} {)E(C(G)) # 0. 


If yw E E(C(G)), or ykz2 € E(C(G)), or yku E E(C(G)), or yerite € 
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E(C(G)), there is a circuit Cg = Yor zy C Yk 1T1UYk, or C7 = yk xt ty Crte CO 
A 1A in dh i 

Yk-101UL2Yk, Or Cg = Yk+1 Č LI LI C ype uyesi, Or Co = Your C L3 L3 Cap ry Cypr iu 
L2Yr41- Each of these circuits contradicts the maximality of C. Thereby, yk+1%ı € 
E(C(G)). 

Continue this process. If there are no subgraphs in {Gj }1<:<m isomorphic to Z2, 
we finally get 2,73 + € E(C(G)). But then there is a circuit Cio = £7 Cattauaort 
Orter in C(G). Also contradicts the maximality of C in C(G). Therefore, there 


must be an integer r,1 < r < m such that G, S Z2. 


5 2 eS sD Z L255 
Similarly, let x3 Caf = xj 2120---2%2,, where t = |V(xq Cat)| — 2, 2 = 
£3,217 = L2,% = «f*. We can also construct an induced subgraph sequence 


{G"}1<:<; and know that there exists an integer h,1 < h < t such that G? S Z, and 
rz E E(C(G)) forO <i<h—-1. 

Since the localized condition D,(2) holds for an induced subgraph Z2 in C(G), 
we get that maxr{pcoiay(u), poa) (Yr-1)} = 4 and maxr{pciay(u), po(ay(Za-1)} 2 F. 
Whence pea) lYr-1) = $, Poa) (Zn-1) = $ and yr—127-1 E€ E(C(G)). But then there 
is a circuit 


= = => => 
z + .— = yt 
Ci = Yr1C £3 £3 C Zh-2L2UL1Yr—2 C £I £I C Zh—-1Yr-1 


in C(G), where if h = 1, or r = 1, vy C zn-2 = Í, or yp_2C x7 = 0. Also contradicts 


the maximality of C in C(G). 


Case 2 ({ay, 21,27, u} Æ Kis, ({27, 22,23, U2} ) = Kız or ({s anet u} ~= 
Kıs, ({23, 22, 2$,us}) Z Kis 


Not loss of generality, we assume that ({a7, 21,2}, us}) Æ Kis, (das: £2, £F, u2} ) 
~ Kı. Since each induced subgraph Kı. in C(G) possesses Dz(2), we get that 
mazx{poca(u), pora) (zz )} = F and mar{pc(a)(u), porals] )} = F- Whence pea) (zz) 
> 2, po@) (“7) > 2 and xy xz € E(C(G)). Therefore, the discussion of Case 1 also 
holds in this case and yields similar contradictions. 

Combining Case 1 with Case 2, the proof is complete. h 

Let G, Fi, Fo,---,F, be k +1 graphs. If there are no induced subgraphs of 
G isomorphic to F;,1 < i < k, then G is called {F}, Fo,---, Fk}-free. we get a 


immediately consequence by Theorem 2.1.10. 


Corollary 2.1.1 Every 2-connected { K; 3, Z2}-free graph is hamiltonian. 
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Let G be a graph. For Vu € V(G), palu) = d, let H be a graph with d pendent 


vertices v1, v2,- -+ , Uq. Define a splitting operator 0: G — G?™ on u by 


V(GP) = (V(G) \ {uh UV (A) \ {vr 02,-- va), 


E(G@) = (E(G)\ {ux € E(G),1 <i < d}) 
U (E(A)\ {uy € E(H),1 <i <d} Ufaiyi, 1 <i < d}. 


We call d the degree of the splitting operator 0 and N(v(u)) = H \ {xiyi,1 < i < d} 
the nucleus of V . A splitting operator is shown in Fig.2.8. 


tyr 


23 





Fig 2.9 
Erdés and Rényi raised a question in 1961 ( [7]): in what model of random 
graphs is it true that almost every graph is hamiltonian? Pósa and Korshuuov proved 
independently that for some constant c almost every labelled graph with n vertices 
and at least nlogn edges is hamiltonian in 1974. Contrasting this probabilistic 
result, there is another property for hamiltonian graphs, i.e., there is a splitting 


operator J such that G’™ is non-hamiltonian for Vu € V(G) of a graph G. 


Theorem 2.1.11 Let G be a graph. For Vu € V(G), palu) = d, there exists a 


splitting operator 0 of degree d on u such that G?™ is non-hamiltonian. 


Proof For any positive integer i, define a simple graph O; by V (O;) = {2;, yi, Zi, 
uj} and E(O;) = {xiyi, Liz, YiZi, Yili, Zui}. For integers Vi, j > 1, the point product 
O; © O; of O; and O; is defined by 


V(O; © 9;) ©) JV(0,) \ {uz}, 
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E(®; © 0;) OU B(Os) Lau ez aa 


Now let Hg be a simple graph with 


V (Ha) = V(O1 © @2 © «++ Oa41) {v1, ve, pada, 


E(Ha) = E(Q1 © 82 ©- Oa41) Lfviur, vou, +++, Vata}. 


nore 


Fig 2.10 


Ther 





Xa4+1 


For any graph G and w € V(G),pc¢(w) = d, we prove that G?™) is non- 
hamiltonian. In fact, If G’) is a hamiltonian graph, then there must be a hamilto- 
nian path P(u;, uj) connecting two vertices u;, uj for some integers i, j,1 < i,j < d 
in the graph Ha \ {v1, v2,-+-, va}. However, there are no hamiltonian path connect- 
ing vertices u;, uj in the graph Hq \ {v1, v2,---, va} for any integer i, 7,1 < i,j < d. 


Therefore, G’“) is non-hamiltonian. i 


2.1.3. Classes of graphs with decomposition 


(1) Typical classes of graphs 
C1. Bouquets and Dipoles 


In graphs, two simple cases is these graphs with one or two vertices, which are just 
bouquets or dipoles. A graph Bn = (Vs, Ey; Ip) with Vp = { O }, Ey = {e1, €2,---, en} 
and I,(e;) = (O,O) for any integer i,1 < i < n is called a bouquet of n edges. 
Similarly, a graph Dit = (Va, Ea; Ja) is called a dipole if Vi = {01, O2}, Ea = 


{é1, €2,°°*,€s,€s41,°°*5 stl, Estl4i1, °°"; es+l+t} and 
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(01,01), if 1 < 1 < S, 
Ialei) = (01,02), ifs+1 < 1 < s + L, 
(O2, Od), ifst+tl+1<i<s+l+t. 





For example, B3 and D2 3. are shown in Fig.2.11. 


O ce 


Fig 2.11 


In the past two decades, the behavior of bouquets on surfaces fascinated many 
mathematicians. A typical example for its application to mathematics is the classi- 
fication theorem of surfaces. By a combinatorial view, these connected sums of tori, 
or these connected sums of projective planes used in this theorem are just bouquets 


on surfaces. In Section 2.4, we will use them to construct completed multi-spaces. 
C2. Complete graphs 


A complete graph K, = (Va, Ec; Ie) is a simple graph with Ve = {v1,v2,---,Un}, 
E. = {ei,1 <i, j <n,iF j} and I.(e;;) = (vi, vj). Since Kn is simple, it can be also 
defined by a pair (V, E) with V = {v1, v2, +: , un} and E = {v;v 1 <i, j <n,t Fj}. 
The one edge graph Kə and the triangle graph K3 are both complete graphs. 

A complete subgraph in a graph is called a clique. Obviously, every graph is a 


union of its cliques. 
C3. r-Partite graphs 


A simple graph G = (V, E; I) is r-partite for an integer r > 1 if it is possible to 
partition V into r subsets Vi, V2,---,V, such that for Ve € E, I(e) = (v;i, vj) for 
vi € Vi, v; E Vj andi # j,1 < i,j <r. Notice that by definition, there are no edges 
between vertices of V, 1 <i < r. A vertex subset of this kind in a graph is called 


an independent vertex subset. 
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For n = 2, a 2-partite graph is also called a bipartite graph. It can be shown 
that a graph is bipartite if and only if there are no odd circuits in this graph. As a 
consequence, a tree or a forest is a bipartite graph since they are circuit-free. 

Let G = (V, E; I) be an r-partite graph and let V,,V2,---,V, be its r-partite 
vertex subsets. If there is an edge e; € E for Vv; € V; and Vu; € Vj, where 
1<i,j <r,i #9 such that I(e) = (vi, vj), then we call G a complete r-partite 
graph, denoted by G = K(|Vj|,|Vo|,---,|V;]). Whence, a complete graph is just a 
complete 1-partite graph. For an integer n, the complete bipartite graph K (n, 1) is 
called a star. For a graph G, we have an obvious formula shown in the following, 


which corresponds to the neighborhood decomposition in topology. 


E(G)= U Eelz, Ne(2)). 
xeEV(G) 


C4. Regular graphs 


A graph G is regular of valency k if palu) = k for Vu € V(G). These graphs are also 
called k-regular. There 3-regular graphs are referred to as cubic graphs. A k-regular 
vertex-spanning subgraph of a graph G is also called a k-factor of G. 

For a k-regular graph G, since k|V(G)| = 2|E(G)|, thereby one of k and |V(G)| 
must be an even number, i.e., there are no k-regular graphs of odd order with 


k = 1(mod2). A complete graph K,, is (n — 1)-regular and a complete s-partite 








graph K(p1,p2,--+,ps) of order n with pı = pp =--: =p, = p is (n — p)-regular. 

In regular graphs, those of simple graphs with high symmetry are particularly 
important to mathematics. They are related combinatorics with group theory and 
crystal geometry. We briefly introduce them in the following. 

Let G be a simple graph and H a subgroup of AutG. G is said to be H-vertex 
transitive, H -edge transitive or H -symmetric if H acts transitively on the vertex set 
V(G), the edge set E(G) or the set of ordered adjacent pairs of vertex of G. If 
H = AutG, an H-vertex transitive, an H-edge transitive or an H-symmetric graph 
is abbreviated to a vertexr-transitive, an edge-transitive or a symmetric graph. 

Now let I be a finite generated group and S C I such that lp ¢ S and 
S 1 = {xte € S} = S. A Cayley graph Cay(T : S) is a simple graph with 
vertex set V(G) =T and edge set E(G) = {(g,h)|g~'h € S}. By the definition of 
Cayley graphs, we know that a Cayley graph Cay(T : S) is complete if and only if 
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S =T \ {1r} and connected if and only if T = (S). 
Theorem 2.1.12 A Cayley graph Cay(T : S) is vertex-transitive. 


Proof For Vg € I, define a permutation ¢, on V(Cay(T : S)) =T by G,(h) = 
gh,h €T. Then ¢, is an automorphism of Cay(T : S) for (h, k) € E(Cay(T : S)) > 
hk € 3 = (gh) (gk) € 3 > (Cy(h), Gol) € E(Cay(P : $)). 

Now we know that ¢,,-1(h) = (kh™t)h = k for Yh, k € T. Whence, Cay(T : S) 
is vertex-transitive. i 
Not every vertex-transitive graph is a Cayley graph of a finite group. For 


example, the Petersen graph is vertex-transitive but not a Cayley graph(see [10], [21]] 





and [110] for details). However, every vertex-transitive graph can be constructed 
almost like a Cayley graph. This result is due to Sabidussi in 1964. The readers can 


see [110] for a complete proof of this result. 


Theorem 2.1.13 Let G be a vertexr-transitive graph whose automorphism group is 
A. Let H = A, be the stabilizer of b € V(G). Then G is isomorphic with the group- 
coset graph C(A/H,S), where S is the set of all automorphisms x of G such that 
(b,x(b)) € E(G), V(C(A/H, S)) = A/H and E(C(A/H,S)) = {((xH, yH)|\a7!y € 
HSH}. 


C5. Planar graphs 


Every graph is drawn on the plane. A graph is planar if it can be drawn on the 
plane in such a way that edges are disjoint expect possibly for endpoints. When 
we remove vertices and edges of a planar graph G from the plane, each remained 
connected region is called a face of G. The length of the boundary of a face is called 


its valency. Two planar graphs are shown in Fig.2.12. 


tetrahedron 





Fig 2.12 
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For a planar graph G, its order, size and number of faces are related by a 


well-known formula discovered by Euler. 


Theorem 2.1.14 let G be a planar graph with ¢(G) faces. Then 


IG] — e(G) + o(G) = 2. 


Proof We can prove this result by employing induction on e(G). See [42] or 
[23], [69] for a complete proof. ' 

For an integer s,s > 3, an s-regular planar graph with the same length r for 
all faces is often called an (s,7r)-polyhedron, which are completely classified by the 


ancient Greeks. 


Theorem 2.1.15 There are exactly five polyhedrons, two of them are shown in 


Fig.2.12, the others are shown in Fig.2.13. 





octahedron dodecahedron isosahedron 


Fig 2.13 


Proof Let G be a k-regular planar graph with l faces. By definition, we know 
that |G|k = @(G)l = 2¢(G). Whence, we get that |G| = d(C) and ¢(G) = 2) 
According to Theorem 2.1.14, we get that 








i.e., 
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Whence, 2 + 2 — 1 > 0. Since k,l are both integers and k > 3,1 > 3, if k > 6, we 
get 


> 
~ 
nD 


Contradicts that 24 2 — 1 > 0. Therefore, k < 5. Similarly, | < 5. So we have 
3<k<5and3 </< 5. Calculation shows that all possibilities for (k,l) are 
(k,l) = (3,3), (3, 4), (3,5), (4,3) and (5,3). The (3,3) and (3,4) polyhedrons have 
be shown in Fig.2.12 and the remainder (3, 5), (4, 3) and (5, 3) polyhedrons are shown 
in Fig.2.13. i 


An elementary subdivision on a graph G is a graph obtained from G replacing 
an edge e = uv by a path uwv, where, w ¢ V(G). A subdivision of G is a graph 
obtained from G by a succession of elementary subdivision. A graph H is defined 
to be a homeomorphism of G if either H = G or H is isomorphic to a subdivision of 
G. Kuratowski found the following characterization for planar graphs in 1930. For 


its a complete proof, see [9], [11] for details. 


Theorem 2.1.16 A graph is planar if and only if it contains no subgraph homeo- 
morphic with Ks or K(3,3). 


(2) Decomposition of graphs 
A complete graph Ke with vertex set {1,2,3,4,5,6} has two families of subgraphs 


{C6, Ci, Ce, PH, Be. P3} and {S15 51.4; 51.3, S12, Sia}, such as those shown in Fig.2.14 
and Fig.2.15. 


2 3 K 2 
[S] [> 6 
—o 
5 X 4 5 °g 5 4 
Ce = P3 P C3 ç: 
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3 
2 4 3 4 
© 5 4 5 5 6 
iV 6 “6 
= 0 Oö 
1 2 6 3 4 5 
S S S 


Sis 1.4 1.3 1.2 Si 4 


Fig 2.15 


We know that 


E(Ke) = E(Cs) JE(Cs) UE(Cs) U BPs) U E(P2) U BCP): 


E(Ke) = E(S15) J E(S14) U E(S1.3) U E(S1.2) U E(S11). 


These formulae imply the conception of decomposition of graphs. For a graph G, 
a decomposition of G is a collection {H;}i<i<s, of subgraphs of G such that for any 
integer 7,1 < i < s, H; = (E;) for some subsets E; of E(G) and {E;}i<i<s is a 
partition of E(G), denoted by G = H,@®H2@®---@H,. The following result is 


obvious. 


Theorem 2.1.17 Any graph G can be decomposed to bouquets and dipoles, in where 


Ky is seen as a dipole Do.1.0. 


Theorem 2.1.18 For every positive integer n, the complete graph Kən+ı can be 


decomposed to n hamiltonian circuits. 


Proof For n = 1, K; is just a hamiltonian circuit. Now let n > 2 and 
V (Konzi) = {v0, V1, v2,°°*, Ven}. Arrange these vertices v1, U2,:--, Un on vertices 
of a regular 2n-gon and place vo in a convenient position not in the 2n-gon. For 
i =1,2,---,n, we define the edge set of H; to be consisted of vovi, VoUn+; and edges 
parallel to v;v;4, or edges parallel to vi-1Vi+1, where the subscripts are expressed 


modulo 2n. Then we get that 


Kon+1 =AL OA, 
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with each H;,1 < i < n being a hamiltonian circuit 


UpUjUji41Ui-1 Vi4-1Vi-2 °° * Un+i—1Un+i4+1Un+iVo- i 


Every Cayley graph of a finite group I can be decomposed into 1-factors or 


2-factors in a natural way as stated in the following theorems. 


Theorem 2.1.19 Let G be a vertex-transitive graph and let H be a regular subgroup 


of AutG. Then for any chosen verter x,x € V(G), there is a factorization 


G= @ @y)O ey”, 


yE€Ne(2),|H(e,y)|=1 yE€Ne(2),| (x,y) |=2 
for G such that (x,y)" is a 2-factor if |H(cy)| = 1 and a 1-factor if |H) = 2. 
Proof First, We prove the following claims. 
Claim 1 Yz € V(G), x” =V(G) and H, = 14. 
Claim 2 For V(z,y),(u,w) E€ E(G), (x, y)” Nu, w)” = 0 or (x,y)¥ = (u, w)”. 
Claims 1 and 2 are holden by definition. 


Claim 3 For V(z,y) € E(G),|Aiey|=1 or 2. 


Assume that |H(.y)| Æ 1. Since we know that (x,y)? = (x,y), ie., (£”, y”) = 
(x,y) for any element h € Hwy). Thereby we get that 2” = x and y”? = y ora’ = y 
and y? = x. For the first case we know h = 1y by Claim 1. For the second, we get 
that x”? = x. Therefore, h? = 1, . 

Now if there exists an element g € H(«,)\{1u, h}, then we get x’ = y = x" and 
yi =x = y”. Thereby we get g = h by Claim 1, a contradiction. So we get that 
|H(ey)| = 2. 


Claim 4 For any (x,y) € E(G), if |H(ey| = 1, then (x,y) is a 2-factor. 


Because £” = V(G) C V(((a,y)")) c V(G), so V(((a,y)")) = V(G). There- 
fore, (x, y)” is a spanning subgraph of G. 
Since H acting on V (G) is transitive, there exists an element h € H such that 


x” = y. It is obvious that o(h) is finite and o(h) # 2. Otherwise, we have |H,)| > 


2 (h)-1 
Bec aah? 


2, a contradiction. Now (2,y)”) = zez x is a circuit in the graph 
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G. Consider the right coset decomposition of H on (h). Suppose H = U (h) ai, 
(h) ag {h) a; = 0, if 2 4 7, and a1 = 19. E 

Now let X = {a1, a2, ..., as}. We know that for any a,b € X, ((h) a) M((h) b) = 0 
ifa Æ b. Since (x, y)* = ((x,y)™)* and (x,y) = ((x,y)™)? are also circuits, 
if V(C(a, y)2)) AV (Ca, y))) # Ø for some a,b € X,a Æ b, then there must 
be two elements f,g € (h) such that 2/* = x% . According to Claim 1, we get 
that fa = gb, that is ab“! € (h). So (h)a = (h)b and a = b, contradicts to the 
assumption that a Æ b. 

Thereafter we know that (x, y)” = U (z, y) is a disjoint union of circuits. 
Ht 


So (x, y)” is a 2-factor of the graph G. 


Claim 5 For any (x,y) € E(G), (x,y)" is an 1-factor if |H = 2. 


Similar to the proof of Claim 4, we know that V(((a, y))) = V(G) and (x, y)” 
is a spanning subgraph of the graph G. 
Let Hey) = {1a,h}, where x” = y and y”? = x. Notice that (x,y)* = (x,y) 


for Va € Hi). Consider the coset decomposition of H on H(z), we know that 


XY 


t 

H = U H(z ybi 5 where Hiz ybi VA aay; = 0 if 7 £ Jj, 1 < 4,9 <t. Now let 
i=l 

L = {Hpbi 1 <i <t}. We get a decomposition 


(£, y)” = U (z, y)” 
bEL 

for (x, y)”. Notice that if b = H y;bi € L, (x,y)? is an edge of G. Now if there exist 
two elements c,d € L,c = Hap) f and d = Hyg, f # g such that V(((£, y) P) N 
V(((a,y)*)) # Ú, there must be zf = x9 or af = y’. If ef = x9, we get f =g 
by Claim 1, contradicts to the assumption that f 4 g. If f = y! = x9, where 
h € Hwy, we get f = hg and fg € Hay), s0 Hizey f = Heyg. According to 
the definition of L, we get f = g, also contradicts to the assumption that f # g. 
Therefore, (x, y)” is an 1-factor of the graph G. 

Now we can prove the assertion in this theorem. According to Claim 1- Claim 


4, we get that 


G=( QD (x, y)") Bl D (ay). 


yENe(«),|A(e,y)|=1 yENG(«),| A (x,y) |=2 
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for any chosen vertex 2,2 € V(G). By Claims 5 and 6, we know that (2, y)” is 
a 2-factor if |H(a,y)| = 1 and is a 1-factor if |Hæp| = 2. Whence, the desired 
factorization for G is obtained. i 

Now for a Cayley graph Cay(T : S), by Theorem 2.1.13, we can always choose 
the vertex x = 1r and H the right regular transformation group on I. After then, 


Theorem 2.1.19 can be restated as follows. 


Theorem 2.1.20 LetT be a finite group with a subset S, ST! = S, 1r ¢ S and H 


is the right transformation group on T. Then there is a factorization 


G=( @ Uns)@ @ (ns)”) 


s€S,s2Alp s€S,s2=1p 
for the Cayley graph Cay(T : S) such that (1p,s)" is a 2-factor if s? # 1p and 
1-factor if s? = 1p. 


Proof For any h € Hars), if h 1p, then we get that Iph = s and sh = 1r, that 
is s? = 1p. According to Theorem 2.1.19, we get the factorization for the Cayley 
graph Cay(T : S). ' 

More factorial properties for Cayley graphs of a finite group can be found in 


the reference [51]. 


2.1.4. Operations on graphs 


For two given graphs G, = (V.E; 4) and Go = (Vo, Ez; I>), there are a number of 
ways to produce new graphs from G and G2. Some of them are described in the 


following. 


Operation 1. Union 


The union Gi U G2 of graphs Gi and G» is defined by 


V(GiU G2) =VUUVe, EG G2) = Fil E and (Ei, Fe) = (Fi) U (2). 


If a graph consists of k disjoint copies of a graph H, k > 1, then we write G = kH. 
5 

Therefore, we get that Ke = CeU3K2U2K3 = U Sis for graphs in Fig.2.14 and 
i=l 
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n—-1 
Fig.2.15 and generally, Kn = U Sias. For an integer k, k > 2 and a simple graph G, 
i=l 
kG is a multigraph with edge multiple k by definition. 
By the definition of a union of two graphs, we get decompositions for some 


well-known graphs such as 


k m n 


7E U BO), Damn = (L) BONU Ka) (LU BO); 


i=l i=1 i=1 


where V(B,)(O1) = {Oi}, V(B1)(O2) = {02} and V(K2) = {01, O2}. By Theorem 
1.18, we get that 


Kons = U H; 
i=1 


with H; = VoViVig1Vi—1Vip1 Vi * * * Unpi—1 Unti Unio. 
In Fig.2.16, we show two graphs Ce and K4 with a nonempty intersection and 
their union Ce U K4. 





Operation 2. Join 


The complement G of a graph G is a graph with the vertex set V (G) such that two 
vertices are adjacent in G if and only if these vertices are not adjacent in G. The 
join Gi + Go of G4 and Gs is defined by 


V(Gi + G2) = V(G1) UV (Gə), 


E(Gy + G2) = E(Gi) U E(G2) U{(u, v)|u € V(G1), v € V(G2)} 


and 
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I(G, + G2) = 1(G) UIG) UHIlu, v) = (u, v)|u € V (G1), v E€ V (G2)}. 


Using this operation, we can represent K(m,n) S Km + Ka. The join graph of 
circuits C3 and C4 is given in Fig.2.17. 





C3 C4 C3 +C4 


Fig 2.17 


Operation 3. Cartesian product 


The cartesian product G x Gz of graphs Gi and Gs is defined by V (Gi x G2) = 
V(G1) x V(G2) and two vertices (u1, u2) and (v1, v2) of Gy x Go are adjacent if and 
only if either u = vı and (uz, v2) E E(G2) or uz = v2 and (u1, v1) € E(G1). 

For example, the cartesian product C3 x C3 of circuits C3 and C3 is shown in 
Fig.2.18. 


(u2) SD oy 
u o 

bs al (a 37 
fy, Poor 

6 (v7, DS 

w v 3 2 (w, 1) Vs 
(w, 2) 
C3 C3 Ca X Ca 
Fig 2.18 


§2.2 Multi-Voltage Graphs 


There is a convenient way for constructing a covering space of a graph G in topologi- 


cal graph theory, i.e., by a voltage graph (G, a) of G which was firstly introduced by 
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Gustin in 1963 and then generalized by Gross in 1974. Youngs extensively used volt- 
age graphs in proving Heawood map coloring theorem([23]). Today, it has become 
a convenient way for finding regular maps on surface. In this section, we generalize 


voltage graphs to two types of multi-voltage graphs by using finite multi-groups. 
2.2.1. Type 1 


Definition 2.2.1 Let I = Ü T; be a finite multi-group with an operation set O(T) = 
i=l 

{o;|l <i < n} and G a graph. If there is a mapping w : X1(G) — T such that 

plet) = (W(et))} for Yet € X1(G), then (G,w) is called a multi-voltage graph of 

type 1. 


Geometrically, a multi-voltage graph is nothing but a weighted graph with 
weights in a multi-group. Similar to voltage graphs, the importance of a multi- 


voltage graph is in its lifting defined in the next definition. 


Definition 2.2.2 For a multi-voltage graph (G,w) of type 1, the lifting graph GY = 
(V (GĦ), E(G"); I(G”)) of (G, 4) is defined by 


V(G*)=V(G) xT, 


E(GY) = {(ua, Vacs)|e* = (u,v) € Xa (G), ylet) = b,a0b ET} 


i 
2 


and 


1(G”) = { (ua, Vaod) |I (e) = (Ua, Vaob) if e = (Ua, Vaob) € E(G®)}. 


For abbreviation, a vertex (x, g) in G” is denoted by x,. Now for Vu € V(G), 
vxľ = {vlg € T} is called a fiber over v, denoted by F,. Similarly, for Vet = 
(u,v) € X (G) with y(e*) = b, all edges { (ug, vgo)|g, g © b € I} is called the fiber 
over e, denoted by F}. 

For a multi-voltage graph (G, y) and its lifting G”, there is a natural projection 
p : G? — G defined by p(F,) = v for Vv € V(G). It can be verfied that p(F.) = e 
for Ve € E(G). 

Choose Î = r UI, with Ty = {1,a,a°}, Ty = {1,0,8?} and a # b. A multi- 
voltage graph and its lifting are shown in Fig.2.19. 
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Fig 2.19 


Let T = UT; be a finite multi-group with groups (Tj; 0;),1 < i < n. Similar 
i=1 
to the unique walk lifting theorem for voltage graphs, we know the following walk 


multi-lifting theorem for multi-voltage graphs of type 1. 


Theorem 2.2.1 Let W = ete?---e* be a walk in a multi-voltage graph (G, Y) with 
initial verter u. Then there exists a lifting W® start at ua in GY if and only if there 


are integers 71, i2,---, i, such that 


a Oi w(eq) Oia Ft S Yle?) € B and yYlet,a) € Piya 
for any integer j}, 1 <j <k 


Proof Consider the first semi-arc in the walk W, i.e., ef. Each lifting of e1 
must be (tas Uaoy(et))- Whence, there is a lifting of e, in G” if and only if there 
exists an integer i, such that o = o; and a,a o plet) € P4. 

Now if we have proved there is a lifting of a sub-walk W, = e1e2- <- & in G” if 


and only if there are integers t1, 72,---,2, 1 < l< k such that 


a Oi yp(e7) Oig tt Ohi Yle?) € ERT yle) € Diga 


for any integer j,1 < j < l, we consider the semi-arc e/,,. By definition, there is 


a lifting of e}; in GY with initial vertex Ugo: (et) et) if and only if there 


Oig Oie Y 


exists an integer i1 such that 


a on (ET) i, °° Oi; pler) € T and p(ef.,) € Ti- 
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According to the induction principle, we know that there exists a lifting WY 


start at ua in G” if and only if there are integers 71,%2,---,i, such that 


a oi, (ET) oig ++ Oia vez) € Tia and pleta) E Visas 
for any integer j, 1 < j < k. f 
For two elements g,h € I, if there exist integers i1, i2,- -, ip such that g,h € 
A T; but for Vip € {1,2, n} {ir tage at gh E n T;,, we call k = I[g, h] 
the joint number of g and h. Denote O(g,h) = {9,31 oe k}. Define Ilg, h] = 


X Ulg,g oh], where II[g,g oh] = I[goh,h| = 0 if go h does not exist in i 
o€O(L) 
According to Theorem 2.2.1, we get an upper bound for the number of liftings in 


G” for a walk W in (G, 4). 


Corollary 2.2.1 If those conditions in Theorem 2.2.1 hold, the number of liftings 


of W with initial verter ua in GY is not in excess of 


Il aes >D Mao, W(ef) o2- -+ 0: plet), Vlet), 


i=1 01 €O(a,w(ey )) 04€O(a;05 ,H(eF),1<j<i-1) 





where O(a; 05, W(ef),1 < j < i— 1) = O(a o1 (ef) o2 ++ oi-1 WE), VEEP). 


The natural projection of a multi-voltage graph is not regular in general. For 
finding a regular covering of a graph, a typical class of multi-voltage graphs is the 
case of T; =T for any integer 7,1 < i < n in these multi-groups [ = UT. In this 


i=1 
case, we can find the exact number of liftings in G” for a walk in (G, 7). 


Theorem 2.2.2 Let = Ü T be a finite multi-group with groups (T;0;),l<i<n 
i=l 

and let W = e'e?---e* be a walk in a multi-voltage graph (G,w) , wv: Xi(G) oT 

of type 1 with initial verter u. Then there are n! liftings of W in GY with initial 


verter ua for Ya ET. 


Proof The existence of lifting of W in GY is obvious by Theorem 2.2.1. Consider 
the semi-arc ef. Since T; =T for 1 <i < n, we know that there are n liftings of e1 


in GY with initial vertex u, for any a € I, each with a form (ua, Uaoy(et)) 2 € oÑ). 
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Now if we have gotten n°,1 < s < k — 1 liftings in GY for a sub-walk W, = 
e'e”---e%. Consider the semi-arc e{,,. By definition we know that there are also n 
liftings of e,,, in GY with initial vertex Wiss, plet Joiz ospet)? where o; € oÙ), 1 < 
i < s. Whence, there are ntt! liftings in GY” for a sub-walk W, = ete? -- -ett in 
(EW): 


By the induction principle, we know the assertion is true. h 


Corollary 2.2.2((23]) Let W be a walk in a voltage graph (G,w),W : X1(G) >T 
with initial vertex u. Then there is an unique lifting of W in GY with initial vertex 


Ua Jor Ya ET. 


If a lifting W” of a multi-voltage graph (G,w) is the same as the lifting of 
a voltage graph (G,a),a: X (G) — T;, then this lifting is called a homogeneous 


lifting of 1. For lifting a circuit in a multi-voltage graph, we get the following result. 

Theorem 2.2.3 Let! = UT be a finite multi-group with groups (T;o;), 7, 
i=l 

C = uyug-++UmUy a circuit in a multi-voltage graph (G, Y) and w : X1(G) >T. 


Then there are Hy homogenous liftings of length o((C,o,;))m in GY of C for 


any integeri,1 <i <n, where W(C, oi) = y(u, U2) 04 (Ua, Ug) 4° + O¢W(Um-—1, Um) Oi 


W(Um, U1) and there are 


nly 
D SOHC, on) 


homogenous liftings of C in G? altogether. 


Proof According to Theorem 2.2.2, there are liftings with initial vertex (u1)a 


of C in G” for Va € I. Whence, for any integer i, 1 < i < n, walks 


Wa = (ur )a(U2)aoiplur, u2) d (Um )aoip(ur,uz)or-oiplum-1,um) (U1 )aoip(C,o:) 


Waoiy(C,o:) = (Ut) wont oo (U2 )aoiplCoioiplu u2) 


(eS eee cece ,U2)0;4+-0;W(Um—1,Um) (U1) ao? (Coi)? 
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and 


W pop (Co-1(C,0;,) = (U1) go, yoH(.28))-1(C,0,) (U2) ao; h2(C.92))-1(C,0,)opb(ua ua) 


(Um) og poC(Cs04))—1(C,0,) 054 (11 st49) 04-0546 then 1 stten) (ur)a 


are attached end-to-end to form a circuit of length o(w(C,0;))m. Notice that there 
are OEN left cosets of the cyclic group generated by w(C,0;) in the group (T, 0;) 


and each is correspondent with a homogenous lifting of C in G’. Therefore, we get 


r| 
DOA 


n 
wz 


homogenous liftings of C in GY. i 


Corollary 2.2.3([23]) Let C be a k-circuit in a voltage graph (G,w) such that 


the order of Y(C,o) is m in the voltage group (T;o). Then each component of the 
|T] 


preimage p™+(C') is a km-circuit, and there are m such components. 


The lifting GS of a multi-voltage graph (G, Ç) of type 1 has a natural decom- 


position described in the next result. 


Theorem 2.2.4 Let (G,¢),¢:X 
1. Then 


(G@) T= Ü T;, be a multi-voltage graph of type 
i=1 


i 
2 


where H; is an induced subgraph (E;) of GS for an integer i,1 <i <n with 


E; = { (ua, Vao,b)|a, b E€ T; and (u,v) E€ E(G), C(u, v) =b}. 
For a finite multi-group T= Ü T; with an operation set O(L) = fol <i n} 
iA 


and a graph G, if there exists a decomposition G = ® H; and we can associate each 
element gi € T; a homeomorphism Yy; on the ae set V(H;) for any integer 
71,1 <i <n such that 

(i) Pgioihi = Yor X Pr; for all g;, h; € T;, where “x ” is an operation between 


homeomorphisms; 
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(ii) Pg; is the identity homeomorphism if and only if g; is the identity element 
of the group (Tj; °;), 
then we say this association to be a subaction of a multi-group I on the graph G. 
If there exists a subaction of I’ on G such that y4, (u) = u only if gi = 1p, for any 


integer 7,1 <i <n, gi E T; and u € V;, then we call it a fixed-free subaction. 


A left subaction LA of I on G” is defined as follows: 
For any integeri, 1 < i < n, let Vi = {ualu E€ V(G),a€ I} and gi € T;. Define 
lLA(gi) (Ua) = Ugo, if a E Vi. Otherwise, gi(ua) = Ua. 


Then the following result holds. 


Theorem 2.2.5 Let (G,w) be a multi-voltage graph with w : X1(G) >Î = Ü T; 
i=l 


and G = ® H; with H; = (Ei, 1 < i < n, where E; = {(ta,Va0,0)|a,0 E€ 
T; and AE E(G), C(u, v) =b}. Then for any integeri,1 <i <n, 

(i) for Vg; E Tu, the left subaction LA(g;) is a fixed-free subaction of an auto- 
morphism of H;; 


(ii) T; is an automorphism group of H;. 


Proof Notice that LA(g:) is a one-to-one mapping on V(H;) for any integer 
i, 1 <i < n, Vg; E€ T;. By the definition of a lifting, an edge in H; has the form 
(Ua, Vao,b) if a,b € T;. Whence, 


(LA(gi) (ua), LA(gi)(Vao;b)) = (Ugioia» Vgioiao;b) € E(H;). 


As a result, LA(g;) is an automorphism of the graph Hj. 

Notice that A:T; + Aut H; is an injection from T, to AutG”. Since LA(g;) # 
LA(h;) for Ygi, hi E€ Ti, gi 4 hi, 1 <i <n. Otherwise, if 1A(g;) = LA(h;) for Va € Ty, 
then g; o; a = h; o; a. Whence, gi = hi, a contradiction. Therefore, [; is an 
automorphism group of H;. 

For any integer i, 1 < i < n, g; € T;, it is implied by definition that LA(g:) is a 
fixed-free subaction on GY’. This completes the proof. h 


Corollary 2.2.4([23]) Let (G,a) be a voltage graph with a : Xi(G) >T. Then T 
is an automorphism group of G@. 


For a finite multi-group Î = U T; action on a graph G, the vertex orbit orb(v) 
i=l 
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of a vertex v € V(G) and the edge orbit orb(e) of an edge e € E(G) are defined as 


follows: 


orb(v) = {g(v)|g € Č} and orb(e) = {g(e)lg € F}. 


The quotient graph G / T of G under the action of F is defined by 


V(G/T) = { orb(v) |v € V(Q)}, E(G/T) = {orb(e)|e € E(G)} 
and 


I(orb(e)) = (orb(u), orb(v)) if there exists (u,v) € E(G) 


For example, a quotient graph is shown in Fig.2.20, where, I = Zs. 


= 


poe 


A = Y 
i 


Fig 2.20 


Then we get a necessary and sufficient condition for the lifting of a multi-voltage 


graph in next result. 


Theorem 2.2.6 If the subaction A of a finite multi-group T = Ü T; on a graph G = 
i=1 


a H; is fixed-free, then there is a multi-voltage graph (G/T,¢), ¢ : X1(G/T) >T 
i=1 2 
of type 1 such that 


CSG, 


Proof First, we choose positive directions for edges of G / T and G so that the 
quotient map gz : GG j T is direction-preserving and that the action A of Ton. 
preserves directions. Next, for any integer i,1 <i < n and Ww € V(G/T), label one 
vertex of the orbit qx 1v) in G as v1,, and for every group element g; € T;, 9: # Lr, 


label the vertex A(gi)(v1,,) aS vg. Now if the edge e of G/T runs from u to w, we 
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assigns the label eg, to the edge of the orbit gr, (e) that originates at the vertex ug. 
Since T; acts freely on H;, there are just |[';| edges in the orbit qr (e) for each integer 
i, 1 <i < n, one originating at each of the vertices in the vertex orbit ar, (v). Thus 
the choice of an edge to be labelled e,, is unique for any integer 7,1 <i < n. Finally, 
if the terminal vertex of the edge e1,. is wp,, one assigns a voltage h; to the edge e in 
the quotient G/T’, which enables us to get a multi-voltage graph (G/T, ¢). To show 
that this labelling of edges in dr, (e) and the choice of voltages h;, 1 < i < n for the 
edge e really yields an isomorphism 0 : G — (G/T)S, one needs to show that for 
Voi € T;,1 < i < n that the edge e,, terminates at the vertex w,o,n,. However, since 
eg, = A(gi)(e1p,), the terminal vertex of the edge e,, must be the terminal vertex of 
the edge A(gi)(e1p,), which is 


Algi) (wai) = A(gi)A(hi) (Wip,) = Algi oi Ri) (Wip,) = Wgioihi- 


Under this labelling process, the isomorphism J : G — (G/T) identifies orbits in 
G with fibers of GS. Moreover, it is defined precisely so that the action of P on G 
is consistent with the left subaction lA on the lifting graph GS. This completes the 
proof. i 


Corollary 2.2.5([23]) LZetT be a group acting freely on a graph G and let G be 
the resulting quotient graph. Then there is an assignment a of voltages in T to the 
quotient graph G and a labelling of the vertices G by the elements of V(G) xT such 
that G = G° and that the given action of T on G is the natural left action of T on 
G°. 


2.2.2. Type 2 


Definition 2.2.3 Let T = Ü T; be a finite multi-group and let G be a graph with 
i=1 


vertices partition V(G) = 


lcs 


V;. For any integers i,j, 1 < i,j < n, if there is 


a mapping T : X1((Ea(Vi, i))) a TiN; ands : Vi > T; such that r(e") = 
(r(et))~! for Vet € X1(G) and the vertex subset V; is associated with the group 


i 


=< 


(1;,0;) for any integer i,1 < i < n, then (G,7T,¢) is called a multi-voltage graph of 
type 2. 


Similar to multi-voltage graphs of type 1, we construct a lifting from a multi- 
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voltage graph of type 2. 


Definition 2.2.4 For a multi-voltage graph (G,T,S) of type 2, the lifting graph 
Gos) = (V(GO9)), E(G™)); 1(49)) of (G,7,¢) is defined by 


V(GO) = {V x Ti}, 


i=1 


E(G)) = {(ua, Vacs) |e* = (u,v) € X1(G), yet) = b,aob eT} 


i 
2 


and 


(Go) = { (Ua, Ones) |I (e) = (este) if e = (Ua, Vaob) E€ E(GO9)}. 


Two multi-voltage graphs of type 2 are shown on the left and their lifting on 
the right in (a) and (b) of Fig.21. In where, F = Z2U Zs, Vi = {u}, Vo = {v} and 
S: Vi > Z2, S: Vo > Za: 


y 
0 “0 : 
YY X 4 yi [ 
u i Vv vi 
uj v 
(a) 
ug “o 
0 
1 1 
1 uj 
v2 
(b) 
Fig 2.21 


Theorem 2.2.7 Let (G,7,¢) be a multi-voltage graph of type 2 and let W, = 
uuz: -ug be a walk in G. Then there exists a lifting of Ws) with an initial vertex 
(u1)a,a € 6 '(u) in GO) if and only if a € s“!(u1) Ns! (u2) and for any integer 
s,l<s<k, ao T(ujyuz) oj T(ugug) Oig +++ Ois T(Us—2Us—1) E€ S (Us_1) NST (us), 


“ 


where “o;,” is an operation in the group s~'(uj41) for any integer j,1 < j < s. 
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Proof By the definition of the lifting of a multi-voltage graph of type 2, there 
exists a lifting of the edge uuz in G'S) if and only if a o T(u1u2) € s~! (us), 


e 


where “o;,” is an operation in the group ¢~'(ug). Since T(uyu2) € ~t (u1) NSt (ua), 
we get that a € ¢~!(u1)(M<>71(ug). Similarly, there exists a lifting of the subwalk 
Wz = uuu in GS) if and only if a € ¢71(u1)Ns7'(u2) and a on T(uzu2) € 
s~ (u2) Ns" (us). 

Now assume there exists a lifting of the subwalk W; = u,ugu3--- uj in GCS) 
if and only if a o T(u1u2) % +++ On a T(ut2u-1) E€ Siu) M571 (u) for any 
integer t,1 < t < l, where “o,,” is an operation in the group s~*(uj41) for any 
integer j,1 < j < l. We consider the lifting of the subwalk W741 = uyuo2u3- - - U41. 
Notice that if there exists a lifting of the subwalk W; in G'S), then the terminal 
vertex of W, in G09) is (tz) ao; r(u1ua)0ig oi TC)" We only need to find a nec- 
essary and sufficient condition for existing a lifting of uyu;,, with an initial vertex 
(U1) a0;,7(urua)oiy--0;,_,7(Wi-1u). By definition, there exists such a lifting of the edge 
uruy; if and only if (ao; T(uru2) oi: O 4 )T (u1) ) O17 (urur) E€ S71 (Ur41). Since 
T(ujujy1) € S7! (u1) by the definition of multi-voltage graphs of type 2, we know 
that a o; Tuu) oig +++ On a Tlui) E€ S7*(Ur41)- 

Continuing this process, we get the assertion of this theorem by the induction 
principle. h 
Corollary 2.2.7 Let G a graph with vertices partition V(G) = U V; and let (T; 0) 
be a finite group, T; <T for any integer i, 1 <i<n. If (G,T, ae a multi-voltage 
graph with T : X1(G) —>T ands: V; >T; for any integer 1,1 <i < n, then for a 
walk W in G with an initial verter u, there exists a lifting WCS) in GS) with the 


initial vertex ua,a € 6~"(u) if and only if a E€ Nev)” (v). 
Similar to multi-voltage graphs of type 1, we can get the exact number of liftings 


of a walk in the case of T; =T and V; = V(G) for any integer 1,1 <i<n. 


Theorem 2.2.8 Let I = Ü T be a finite multi-group with groups (T; 0;), 1 <i<n 
i=l 
and let W = e'e?---e* be a walk with an initial verter u in a multi-voltage graph 
(G56) 4 T: X1(G) — NT ands: V(G) -T, of type 2. Then there are n! liftings 
i=l 


of W in GS) with an initial verter ua for Va €T. 


Proof The proof is similar to the proof of Theorem 2.2.2. h 
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Theorem 2.2.9 Let I = U T be a finite multi-group with groups (T;0;),1 < i < 
n, C = Ug? -UmU a Gni in a multi-voltage graph (G,T,S) of type 2 where 
TEKUG) > AT and S : V(G) >T. Then there are TEY liftings of length 
o(tau(C,o,;))m in G09) of C for any integeri, 1 < i < n, where T(C,0;) = T (u1, U2)0; 


T(U2, U3) O; +++ Oi T(Um—1, Um) 0i T(Um, U1) and there are 


liftings of C in G09) altogether. 


Proof The proof is similar to the proof of Theorem 2.2.3. i 


Definition 2.2.5 Let Gi, Ga be two graphs and H a subgraph of Gi and Go. A 
one-to-one mapping E between G, and Go is called an H-isomorphism if for any 
subgraph J isomorphic to H in Gi, €(J) is also a subgraph isomorphic to H in Go. 

If Gi = Go = G, then an H-isomorphism between Gi and Go is called an 
H-automorphism of G. Certainly, all H-automorphisms form a group under the 
composition operation, denoted by AutyG and AutyG = AutG if we take H = Ko. 


For example, let H = (E(x, Na(x))) for Vx € V (G). Then the H-automorphism 
group of a complete bipartite graph K (n, m) is Auty K (n,m) = Sn[Sm] = Aut K (n, m). 
There H-automorphisms are called star-automorphisms. 


Theorem 2.2.10 Let G be a graph. If there is a decomposition G = a H; with 
i=1 


A,= H fori <i< n and H = ® J; with J; 5 J fori < j < m, then 

(i) (l,i: H, > H;, an EAEAN 1<i< n) = Sn < AutyG, and par- 
ticularly, Sn < Auty Kon+1 if H = C, a hamiltonian circuit in Kon+1. 

(ii) AutyG < AutyG, and particularly, AutG < AutyG for a simple graph 
G. 


Proof (i) For any integer i, 1 < i < n, we prove there is a such H-automorphism 
Lon G that 4 : Hı — H;. In fact, since H; = H, 1 < i < n, there is an isomorphism 
6: Hı — H;. We define 1, as follows: 


E -Í O(c), if e€ V(Hı) UE(H), 
i e, ife € (V(G) \V(H)) U(E(G) \ EU). 
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Then 1; is a one-to-one mapping on the graph G and is also an H-isomorphism by 
definition. Whence, 


lui, ti: Hı > H;, an isomorphism, 1 <i < n) < AutyG. 
Since (u, 1 <i< n) & ((1,i),1<i<n) = Sn, thereby we get that S, < 
AutgG. 


For a complete graph Kən+1, we know a decomposition Kən+1 = ® Ci with 


Ci = VoViVip1Vi—1Vi—2 Up nao 


for any integer 7,1 < i < n by Theorem 2.1.18. Therefore, we get that 


Sn X Auty Kon+ı 


if we choose a hamiltonian circuit H in Kən+1- 
(ii) Choose o € AutzG. By definition, for any subgraph A of G, if A S J, 


then o(A) = J. Notice that H = D J; with J; = J for 1 < j < m. Therefore, 
pfi 


for any subgraph B, B = H of G, o(B) S ® o(J;) = H. This fact implies that 
o € AutyG. = 

Notice that for a simple graph G, we have a decomposition G = > Kə and 
Autk,G = AutG. Whence, AutG < AutyG. i = 


The equality in Theorem 2.2.10(ii) does not always hold. For example, a one- 
to-one mapping o on the lifting graph of Fig.2.21(a): o(uo) = wi, oa(u) = uo, 
alvo) = U1, alvi) = v and o(ve) = vo is not an automorphism, but it is an H- 
automorphism with H being a star Sj. 

For automorphisms of the lifting G09) of a multi-voltage graph (G, T, S) of type 


2, we get a result in the following. 


Theorem 2.2.11 Let (G,7,¢) be a multi-voltage graph of type 2 with T : X1(G) = 
A T; ands: Vi —T;. Then for any integers i,j}, 1 <i, j <n, 


i=l 


(i) for Vg; € Tj, the left action LA(g;) o n (V9 is a fixed-free action of an 
automorphism of (V09 ; 

(ii) for Vo; € TiNT;, the left action 1A(g;;) on (Ea(V;, V;))' T) is a star- 
automorphism of (Eg(V;, V;))". 


to V9 
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Proof The proof of (i) is similar to the proof of Theorem 2.2.4. We prove 
the assertion (ii). A star with a central vertex ua, u € Vi,a € TI; MT; is the 
graph Sstar = ({(tta; Yao,b) if (u,v) € Ec(Vi, Vj), T(u, v) = n By definition, the 
left action LA(g;;) is a one-to-one mapping on (Ee(V;, K . Now for any element 


Jij, 93 E€ TINT), the left action LA(gij) of gij on a star Sstar is 


1A(gis)(Sstar) = ({(tgigoia Maijoca)osb) if (u,v) € Ea(Vi, Vi), T(t, v) = b}) = Setar- 


Whence, /A(g;;) is a star-automorphism of (Ee(V;, Ve, ' 
Let G be a graph and let Î = U I; be a finite multi-group. If there is a 


partition for the vertex set V(G) = Ù V; such that the action of I on G consists of 
T; action on (V;) and TP; 1; on (EV; v;)) for 1 < i,j < n, then we say this action 
to be a partially-action. A partially-action is called fixed-free if T; is fixed-free on 
(V;) and the action of each element in [; (I; is a star-automorphism and fixed-free 
on (Ea(Vi, V;)) for any integers i, 7,1 < i,j <n. These orbits of a partially-action 
are defined to be 


orbi(v) = {g(v)|g E Ti, v € Vij 


for any integer 27,1 < i < n and 


orb(e) = {g(e)\e € E(G),g € D}. 


A partially-quotient graph G f oF is defined by 


V(G/,T) =Us orb;(v) | v € Vi}, E(G/,) = {orb(e)le € E(G)} 


and I(G/,l') = {I(e) = (orb;(u), orb;(v)) if u € Vi,v € V; and (u,v) € E(G),1 < 
i,j < n}. An example for partially-quotient graph is shown in Fig.2.22, where 
Vi = {Uo, U1, U2, Us}, Vo = {U0, v1, Va} and Ty = Z4, T2 = Z3. 
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ug 
Yo 
uj 
Yo 
Us 
Fig 2.22 


Then we have a necessary and sufficient condition for the lifting of a multi- 


voltage graph of type 2. 


Theorem 2.2.12 If the partially-action P, of a finite multi-group T = U r; ona 


graph G, V(G) = U V; is fixed-free, then there is a multi-voltage graph (ĜT, Tish 
Ti X (G/T) = 5 S: V; >T; of type 2 such that 


CE, 


Proof Similar to the proof of Theorem 2.2.6, we also choose positive directions 
on these edges of G/U and G so that the partially-quotient map px : G > G/T is 
direction-preserving and the partially-action of I on G preserves ORN 

For any integer 7,1 < i < n and Wu’ € Vj, we can label v’ as ü and for every 
group element g; € Ti, g: # 1r,, label the vertex Pa(gi)((vi)ip,) as vi. Now if the 
edge e of G/T runs from u to w, we assign the label e,, to the edge of the orbit 
p ‘(e) that originates at the vertex ul, and terminates at Wh, 

Since T; acts freely on (V;), there are just |I’;| edges in the orbit pp‘ (e) for each 
integer 7,1 < i < n, one originating at each of the vertices in the vertex orbit pr, (v). 
Thus for any integer 7,1 < i < n, the choice of an edge in p~'(e) to be labelled eg, 
is unique. Finally, if the terminal vertex of the edge eg; is Wha» one assigns voltage 
ie o; hj to the edge e in the partially-quotient graph G/T if g, h; € Ef) Ue for 
l<ij<n. 

Under this labelling process, the isomorphism J) : G — (G/pI’)'~) identifies 
orbits in G with fibers of G09. i 


The multi-voltage graphs defined in this section enables us to enlarge the appli- 
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cation field of voltage graphs. For example, a complete bipartite graph K (n,m) is 
a lifting of a multi-voltage graph, but it is not a lifting of a voltage graph in general 
if nF mM, 


§2.3 Graphs in a Space 


For two topological spaces €; and E>, an embedding of E€; in E> is a one-to-one 
continuous mapping f : €; — Ez (see [92] for details). Certainly, the same problem 
can be also considered for E2 being a metric space. By a topological view, a graph is 
nothing but a 1-complex, we consider the embedding problem for graphs in spaces 
or on surfaces in this section. The same problem had been considered by Griimbaum 
in [25]-[26] for graphs in spaces and in these references [6], |23],[42] — [44],[56], [69] 


and [106] for graphs on surfaces. 


2.3.1. Graphs in an n-manifold 


For a positive integer n, an n-manifold M” is a Hausdorff space such that each 
point has an open neighborhood homeomorphic to an open n-dimensional ball B” = 
{(21,%2,°++,%n)|v?7+03+--+-+22 < 1}. Fora given graph G and an n-manifold M” 
with n > 3, the embeddability of G in M” is trivial. We characterize an embedding 
of a graph in an n-dimensional manifold M” for n > 3 similar to the rotation 
embedding scheme of a graph on a surface (see [23], [42] — [44], [69] for details) in 
this section. 

For Vu € V(G), a space permutation P(v) of v is a permutation on Ng(v) = 
{U1, U2,***, Upg(v)} and all space permutation of a vertex v is denoted by P,(v). We 


define a space permutation P,(G) of a graph G to be 


P(G) = {P(w)|Vu € V(G), PW) € Ps(v)} 


and a permutation system P,(G) of G to be all space permutation of Œ. Then we 
have the following characteristic for an embedded graph in an n-manifold M” with 
n> 3. 


Theorem 2.3.1 For an integer n > 3, every space permutation P,(G) of a graph 
G defines a unique embedding of G — M”. Conversely, every embedding of a graph 
G — M” defines a space permutation of G. 
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Proof Assume G is embedded in an n-manifold M”. For Ww € V(G), define 
an (n — 1)-ball B”! (v) to be x? + 73 4+--- +22 = r° with center at v and radius 
r as small as needed. Notice that all autohomeomorphisms AutB"~!(v) of B"~'(v) 
is a group under the composition operation and two points A = (%1,22,-+-,%n) 
and B = (y1,Y2,:-*,;Yn) in B"!(v) are said to be combinatorially equivalent. if 
there exists an autohomeomorphism ç € AutB”"~'(v) such that ¢(A) = B. Consider 
intersection points of edges in Eg(v, Ng(v)) with B"-!(v). We get a permutation 
P(v) on these points, or equivalently on Ng(v) by (A, B,---,C, D) being a cycle of 
P(v) if and only if there exists ç € AutB"~1(v) such that ¢’(A) = B, ---, (C) =D 
and <'(D) = A, where i,:--,j,l are integers. Thereby we get a space permutation 
P,(G) of G. 

Conversely, for a space permutation P,(G), we can embed G in M” by em- 
bedding each vertex v € V(G) to a point X of M” and arranging vertices in one 
cycle of P,(G) of Ng(v) as the same orbit of (7) action on points of Ng(v) for 
o € AutB"'(X). Whence we get an embedding of G in the manifold M”. i 

Theorem 2.3.1 establishes a relation for an embedded graph in an n-dimensional 
manifold with a permutation, which enables us to give a combinatorial definition for 
graphs embedded in n-dimensional manifolds, see Definition 2.3.6 in the finial part 


of this section. 


Corollary 2.3.1 For a graph G, the number of embeddings of G in M”,n > 3 is 


II palv)! 
vEV (G) 
For applying graphs in spaces to theoretical physics, we consider an embedding 
of a graph in an manifold with some additional conditions which enables us to find 
good behavior of a graph in spaces. On the first, we consider rectilinear embeddings 


of a graph in an Euclid space. 


Definition 2.3.1 For a given graph G and an Euclid space E, a rectilinear embedding 
of G in E is a one-to-one continuous mapping m : G — E such that 

(i) for Ye € E(G), n(e) is a segment of a straight line in E; 

(ii) for any two edges e, = (u,v), e3 = (x,y) in E(G), (nle) \{rlu) t(v)})N 
(a (e2) \ {7 (2), T )}) = 0. 
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In R, a rectilinear embedding of Ky and a cube Q; are shown in Fig.2.23. 


(0, 0, 1) (0, 0, 1) (0, 1, 1) 









(0, 1, 0) 
O a oO 
(1, 0, 0) (0, 1, 0) (1,0, 0) (1, 1, 0) 
Fig 2.23 


In general, we know the following result for rectilinear embedding of G in an 
Euclid space R”,n > 3. 


Theorem 2.3.2 For any simple graph G of order n, there is a rectilinear embedding 
of G in R” with n > 3. 


Proof We only need to prove this assertion for n = 3. In R3, choose n 
points (t,,t?,t?), (te, t3,t8),---, (tr, t2, t2), where t),t2,---,t, are n different real 


numbers. For integers i, 7,k,1,1 < i, j, k,l < n, if a straight line passing through ver- 
tices (ti, t7, t3) and (tj, t3, t3) intersects with a straight line passing through vertices 


tk, tz, t?) and (tı, t?,t?), then there must be 
ko tk Dt 


i TM a OP 
Ro Boe Hk |=, 


dt eS et i-t 


which implies that there exist integers s, f € {k,l,i,7}, s A f such that ts = ty, a 
contradiction. 

Let V(G) = {v1,v2,--+,Un}. We embed the graph G in R? by a mapping 
a: G — R? with 7(v;) = (ti, tz, t?) for 1 < i < n and if vw; € E(G), define 7(v;v;) 
being the segment between points (t;, t7, t?) and (t;, t3, t3) of a straight line passing 
through points (¢;,t7,t?) and (tj, t3, t3). Then 7 is a rectilinear embedding of the 
graph G in R8. h 

For a graph G and a surface S, an immersion ı of G on S is a one-to-one 
continuous mapping 4: Œ — S such that for Ve € E(G), if e = (u,v), then (e) is a 


curve connecting (u) and (v) on S. The following two definitions are generalization 
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of embedding of a graph on a surface. 


Definition 2.3.2 Let G be a graph and S a surface in a metric space E. A pseudo- 
embedding of G on S is a one-to-one continuous mapping 7 : G — E such that 
there exists vertices Vi C V(G), m|(y) is an immersion on S with each component 


of S\ m((Vi)) isomorphic to an open 2-disk. 


Definition 2.3.3 Let G be a graph with a vertex set partition V(G) = Ü V;, 
ViNV; =Q fori < i,j < k and let S,55,---,S_ be surfaces in a metric Paa E 
with k > 1. A multi-embedding of G on S1, S2,---, S is a one-to-one continuous 
mapping n : G — E such that for any integer i,1 < i < k, tly) is an immersion 


with each component of Si \ n((Vi}) isomorphic to an open 2-disk. 


Notice that if r(G) N(S1U S2: -U Sk) = 7(V(G)), then every r : G — R? 
is a multi-embedding of G. We say it to be a trivial multi-embedding of G on 
S1, S217, Sp If k = 1, then every trivial multi-embedding is a trivial pseudo- 
embedding of G on Sı. The main object of this section is to find nontrivial multi- 
embedding of G on S1, S2,:--, Sk with k > 1. The existence pseudo-embedding of 
a graph G is obvious by definition. We concentrate our attention on characteristics 
of multi-embeddings of a graph. 

For a graph G, let G,,G2,---,G, be k vertex-induced subgraphs of G. If 
V(G) A V(G;) = 0 for any integers i, j, 1 < i, j < k, it is called a block decomposition 
of G and denoted by 


k 
i=1 


The planar block number n,(G) of G is defined by 


k 
n,(G) = min{k|G = + Gi, For any integer i,1 <i < k,G; is planar}. 


i=1 


Then we get a result for the planar black number of a graph G in the following. 


Theorem 2.3.3 A graph G has a nontrivial multi-embedding on s spheres Pi, P2,---, 
P, with empty overlapping if and only if n (G) < s < |G]. 
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Proof Assume G has a nontrivial multi-embedding on spheres P}, P2,---, Ps. 
Since |V(G) Q P;| > 1 for any integer 7,1 < i < s, we know that 


l= V@NPles: 


By definition, if 7 : G — R? is a nontrivial multi-embedding of G on P4, Po, ++, Ps, 
then for any integer 7,1 < i < s, 7~1(P,) is a planar induced graph. Therefore, 


and we get that s > n,(G). 

Now if n,(G) < s < |G], there is a block decomposition G = W G, of G such 
that G; is a planar graph for any integer 7,1 < i < s. Whence we can T s spheres 
P,, Po,---, P, and define an embedding m; : Gi — P; of G; on sphere P; for any 
integer 4,1 < i < s. 


Now define an immersion 7 : G — R? of G on R? by 


e. 


T(G) = (U (Gi) U (vi v)u: € V(G:), v; € V(G;), (viv) € E(G),1 < ij < 5}. 


i=1 
Then 7: G — R? is a multi-embedding of G on spheres Pi, Po,- , Po. h 
For example, a multi-embedding of Kg on two spheres is shown in Fig.2.24, in 


where, ({x, y, z}) is on one sphere and ({u,v,w}) on another. 





Fig 2.24 


For a complete or a complete bipartite graph, we get the number n,(G) as 


follows. 


Theorem 2.3.4 For any integers n,m,n,m > 1, the numbers n,(K,) and n,((m,n)) 


are 
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mp(Kn) = [F] and np(K(m,n)) =2, 


ifm > 3,n > 3, otherwise 1, respectively. 


Proof Notice that every vertex-induced subgraph of a complete graph K,, is 
also a complete graph. By Theorem 2.1.16, we know that Ks is non-planar. Thereby 
we get that 


by definition of np(Kn). Now for a complete bipartite graph K(m,n), any vertex- 
induced subgraph by choosing s and l vertices from its two partite vertex sets is still 
a complete bipartite graph. According to Theorem 2.1.16, K (3,3) is non-planar and 
K(2,k) is planar. If m < 2 or n < 2, we get that n,(A(m,n)) = 1. Otherwise, 
K (m,n) is non-planar. Thereby we know that n,(A(m,n)) > 2. 

Let V(K(m,n)) = VU Ve, where Vi, V2 are its partite vertex sets. If m > 3 
and n > 3, we choose vertices u,v € Vi and x,y € Vo. Then the vertex-induced sub- 
graphs ({u, v} U V2 \ {x, y}) and ({x, y} U V2 \ {u, v}) in K(m,n) are planar graphs. 
Whence, np(K(m,n)) = 2 by definition. ' 

The position of surfaces S1, S2,- +, Sp in a metric space E also influences the 
existence of multi-embeddings of a graph. Among these cases an interesting case is 
there exists an arrangement Si, Siz, tt, Sip for S1,S2,---,S, such that in E, S; is 


a subspace of S;.,, for any integer 7,1 < j < k. In this case, the multi-embedding 


j+1 


is called an including multi-embedding of G on surfaces S1, .S2,---, Sz. 


Theorem 2.3.5 A graph G has a nontrivial including multi-embedding on spheres 
P, > Pp D --- D P, if and only if there is a block decomposition G = È Gi of G 
such that for any integer i, 1 < i< s, ea 

(i) G; is planar; 

(ii) for Ww € V(Gi), Nele) € CÙ VG) 

Proof Notice that in the case of spheres, if the radius of a sphere is tending to 
infinite, an embedding of a graph on this sphere is tending to a planar embedding. 


From this observation, we get the necessity of these conditions. 
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Now if there is a block decomposition G = ly G; of G such that G; is planar for 
i=1 


any integer i, 1 < i < sand Ne(x) C ( Ú vG) for Vv € V(G;), we can so place 
s spheres P,, P2,- +-+, P, in R? that P, SP, D- D P,. For any integer i,1 < i < s, 
we define an embedding 7; : G; — P; of G; on sphere F;. 
Since Ng(x) C CU V(G;)) for Vu € V(G;), define an immersion 7 : G > R? 
pane 


i-1 
of G on R? by 


1(G) = Ù m(Gi)) Uwn vj) |g =i- 1,i,i+1 for 1<i<s and (vv) € E(G)} 


i=1 


Then 7: G — R? is a multi-embedding of G on spheres Pi, P2,---, Ps. h 


Corollary 2.3.2 Ifa graph G has a nontrivial including multi-embedding on spheres 
P, D P D--- D P, then the diameter D(G) > s — 1. 


2.3.2. Graphs on a surface 


In recent years, many books concern the embedding problem of graphs on surfaces, 
such as Biggs and White’s [6], Gross and Tucker’s [23], Mohar and Thomassen’s [69] 
and White’s [106] on embeddings of graphs on surfaces and Liu’s [42]-|44], Mao’s 
[56] and Tutte’s [100] for combinatorial maps. Two disguises of graphs on surfaces, 
i.e., graph embedding and combinatorial map consist of two main streams in the 
development of topological graph theory in the past decades. For relations of these 
disguises with Klein surfaces, differential geometry and Riemman geometry, one can 
see in Mao’s [55]-[56] for details. 


(1) The embedding of a graph 


For a graph G = (V(G), E(G), I(G)) and a surface S, an embedding of G on S is 
the case of k = 1 in Definition 2.3.3, which is also an embedding of a graph in a 
2-manifold. It can be shown immediately that if there exists an embedding of G 
on S, then G is connected. Otherwise, we can get a component in S \ x(G) not 
isomorphic to an open 2-disk. Thereafter all graphs considered in this subsection 
are connected. 

Let G be a graph. For v € V(G), denote all of edges incident with the vertex 


v by Nå(v) = {e1, €2,°*+, €pg(v) }- A permutation Cv) on e1, €2,°++, €pg(v) is said a 
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pure rotation of v. All pure rotations incident with a vertex v is denoted by o(v). A 


pure rotation system of G is defined by 


A(G) = {C(v)|Cw) € ow) for w € V(G)} 


and all pure rotation systems of G is denoted by o(G). 

Notice that in the case of embedded graphs on surfaces, a 1-dimensional ball 
is just a circle. By Theorem 2.3.1, we get a useful characteristic for embedding of 
graphs on orientable surfaces first found by Heffter in 1891 and then formulated by 
Edmonds in 1962. It can be restated as follows. 


Theorem 2.3.6([23]) Every pure rotation system for a graph G induces a unique 
embedding of G into an orientable surface. Conversely, every embedding of a graph 


G into an orientable surface induces a unique pure rotation system of G. 


According to this theorem, we know that the number of all embeddings of a 
graph G on orientable surfaces is T],ev(gy(pa(v) — 1)!. 

By a topological view, an embedded vertex or face can be viewed as a disk, and 
an embedded edge can be viewed as a 1-band which is defined as a topological space 
B together with a homeomorphism h : J x J — B, where I = (0, 1], the unit interval. 
Whence, an edge in an embedded graph has two sides. One side is h((0,2)),a € T. 
Another is h((1,2)),a € T. 

For an embedded graph G on a surface, the two sides of an edge e € E(G) may 
lie in two different faces fı and f2, or in one face f without a twist ,or in one face 


f with a twist such as those cases (a), or (b), or (c) shown in Fig.25. 





(a) íb) ic) 


Fig 2.25 
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Now we define a rotation system p’(G) to be a pair (J,A), where J is a pure 
rotation system of G, and À : E(G) > Z2. The edge with A(e) = 0 or A(e) = 1 is 
called type 0 or type 1 edge, respectively. The rotation system o” (G) of a graph G 
are defined by 


0° (G) = {(J,A)|F € (G), à : E(G) > Z2} 


By Theorem 2.3.1 we know the following characteristic for embedding graphs 


on locally orientable surfaces. 


Theorem 2.3.7([23],[91]) Every rotation system on a graph G defines a unique lo- 
cally orientable embedding of G — S. Conversely, every embedding of a graph 
G — S defines a rotation system for G. 


Notice that in any embedding of a graph G, there exists a spanning tree T such 
that every edge on this tree is type 0 (see also [23],[91] for details). Whence, the 


number of all embeddings of a graph G on locally orientable surfaces is 
2 TT (pel) - D! 
vEV (G) 
and the number of all embedding of G on non-orientable surfaces is 
(2° —1) ST 
vEV (G) 
The following result is the famous Euler-Poincaré formula for embedding a 


graph on a surface. 


Theorem 2.3.8 If a graph G can be embedded into a surface S, then 


v(G) — e(G) + o(G) = x(S), 


where v(G),e(G) and ¢(G) are the order, size and the number of faces of G on S, 
and x(S) is the Euler characteristic of S, i.e., 


(S) = 2 — 2p, if S is orientable, 
i 2—q, if Sis non — orientable. 
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For a given graph G and a surface S, whether G embeddable on S is uncertain. 
We use the notation G — S denoting that G can be embeddable on S. Define the 
orientable genus range GR°(G) and the non-orientable genus range GRY (G') of a 


graph G by 


2 — 
GR°(G) = = e — S, S is an orientable surface}, 


GR” (G) = {2—x(S)|G > S, S is a non — orientable sur face}, 


respectively and the orientable or non-orientable genus y(G), 7(G) by 


(G) = min{p|p € GR°(G)}, ym(G) = max{p|p € GR°(G)}, 


J(G) = min{qlg E€ GR” (G)}, Fu(G) = maz{qlq € GR°(G)}. 
Theorem 2.3.9(Duke 1966) Let G be a connected graph. Then 
GR? (G) = x(G), ym (G)]. 


Proof Notice that if we delete an edge e and its adjacent faces from an embedded 
graph G on a surface S, we get two holes at most, see Fig.25 also. This implies that 
A(G) -G - 6) <1. 

Now assume G has been embedded on a surface of genus 7(G) and V(G) = 
{u,v,-+:,w}. Consider those of edges adjacent with u. Not loss of generality, we 
assume the rotation of G at vertex v is (e1, €2,-++,@p¢(u)). Construct an embedded 


graph sequence Gj, G2, +-+, G palu)! by 


o(Gpalu)-1) = (o(G) N {olu)}) U{ (e2, €3, ` * t, €pe(u)s €1)}; 
0(Gra(uy) = (OCG) \ {o(u) }) Ut (es, €2,°+ + €Epa(u) C1) Fs 
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O(G pau) = (0(G) \ Lol) }) Ul lepet) ++ e2, e1, )}. 

For any integer i,1 < i < pg(u)!, since |¢(G) — ¢(G — e)| < 1 for Ve € E(G), 
we know that |6(Gi41) — @(G;)| < 1. Whence, |y(Gi+1) — x(Gi)| < 1. 

Continuing the above process for every vertex in G we finally get an embedding 
of G with the maximum genus ym(G). Since in this sequence of embeddings of G, 


the genus of two successive surfaces differs by at most one, we get that 


GR°(G) = WG), ym (G). £ 


The genus problem, i.e., to determine the minimum orientable or non-orientable 
genus of a graph is NP-complete (see [23] for details). Ringel and Youngs got the 


genus of K, completely by current graphs (a dual form of voltage graphs) as follows. 


Theorem 2.3.10 For a complete graph Kn and a complete bipartite graph K(m,n), 


m,n > 3, 


(m — 2)(n — 2) 


Ka) = | | and y(K(m,n)) = [ 7 |. 


(n-3)(n—4) 
12 
Outline proofs for y(K„) in Theorem 2.3.10 can be found in [42], [23],[69] and 
a complete proof is contained in [81]. For a proof of y(K(m,n)) in Theorem 2.3.10 
can be also found in [42], [23],[69]. 
For the maximum genus ym(G) of a graph, the time needed for computation 
is bounded by a polynomial function on the number of v(G) ([23]). In 1979, Xuong 
got the following result. 


Theorem 2.3.11(Xuong 1979) Let G be a connected graph with n vertices and q 
edges. Then 


yulG) = 50 -7+ 1) ~ 5 min coal \ EC), 


where the minimum is taken over all spanning trees T of G and Coaa(G \ E(T)) 


denotes the number of components of G \ E(T) with an odd number of edges. 


In 1981, Nebesky derived another important formula for the maximum genus 
of a graph. For a connected graph G and A C E(G), let c(A) be the number of 


connected component of G \ A and let b(A) be the number of connected components 
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X of G\ A such that |E(X)| = |V(X) 


can be restated as in the next theorem. 


(mod2). With these notations, his formula 


Theorem 2.3.12(Nebesky 1981) Let G be a connected graph with n vertices and q 
edges. Then 


1 
yu(G) = 5(q—m-+2)— max {c(A) + 6(4) — |AD}. 
Corollary 2.3.3 The mazimum genus of K, and K(m,n) are given by 


(n = 1)(n = 2) 
4 


(m—1)(n—1) 


ym (Kn) = | | and yu(K(m,n)) = | 5 Í, 


respectively. 
Now we turn to non-orientable embedding of a graph G. For Ve € E(G), we 
define an edge-twisting surgery ®(e) to be given the band of e an extra twist such 


as that shown in Fig.26. 





Fig 2.26 


Notice that for an embedded graph G on a surface S, e € E(G), if two sides 
of e are in two different faces, then @(e) will make these faces into one and if two 
sides of e are in one face, &(e) will divide the one face into two. This property of 


@(e) enables us to get the following result for the crosscap range of a graph. 


Theorem 2.3.13(Edmonds 1965, Stahl 1978) Let G be a connected graph. Then 


GR (G) = [7(G), B(@)], 


where B(G) = e(G) — v(G) + 1 is called the Betti number of G. 
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Proof It can be checked immediately that 7(G) = yu(G) = 0 for a tree Œ. If 
G is not a tree, we have known there exists a spanning tree T such that every edge 
on this tree is type 0 for any embedding of G. 

Let E(G) \ E(T) = {e1,e2,:--,eaq@}. Adding the edge e; to T, we get a 
two faces embedding of T + e;. Now make edge-twisting surgery on e;. Then 
we get a one face embedding of T + e on a surface. If we have get a one face 
ei), 1 < i < B(G), adding the edge e;,; to 


T +(e, +e2+---+e;) and make &(ei+1) on the edge e;+1. We also get a one face 





embedding of T + (e1 + e2 +--> 








embedding of T + (e1 + e2 +--+ + e;41) on a surface again. 

Continuing this process until all edges in E(G) \ E(T) have a twist, we finally 
get a one face embedding of T + (E(G) \ E(T)) = G on a surface. Since the number 
of twists in each circuit of this embedding of G is 1(mod2), this embedding is non- 


orientable with only one face. By the Euler-Poincaré formula, we know its genus 


g(G) 


G(G) = 2 — (V(G) — (G) + 1) = B(G). 


For a minimum non-orientable embedding Eg of G, i.e., ¥(Eg) = 7(G), one can 
selects an edge e that lies in two faces of the embedding Eg and makes @(e). Thus 
in at most Yu(G) — 7(G) steps, one has obtained all of embeddings of G on every 
non-orientable surface N, with s € [¥(G), Ym(G)]. Therefore, 


GR” (G) = (G), B(G) 4 
Corollary 2.3.4 Let G be a connected graph with p vertices and q edges. Then 
ğm(G)=q-p+1. 


Theorem 2.3.14 For a complete graph K,, and a complete bipartite graph K(m, n), 


m,n > 3, 


with an exception value ¥(K7) = 3 and 
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J(K(m,n)) (m= 2)(n = 2) 


I 
as: | 


A complete proof of this theorem is contained in [81], Outline proofs of Theorem 
2.3.14 can be found in [42]. 


(2) Combinatorial maps 


Geometrically, an embedded graph of G on a surface is called a combinatorial map M 
and say G underlying M. Tutte found an algebraic representation for an embedded 
graph on a locally orientable surface in 1973 ([98], which transfers a geometrical 


partition of a surface to a permutation in algebra. 


According to the summaries in Liu’s [43] — [44], a combinatorial map M = 
(Xa B, P) is defined to be a permutation P acting on Xag of a disjoint union of 
quadricells Ka of x € X, where X is a finite set and K = {1,a, 8,aßp} is Klein 
4-group with the following conditions hold. 


(i) Vx € Xag, there does not exist an integer k such that P*x = az; 
(ii) aP = Pta; 
iii) The group VW; = (a, B, P} is transitive on a.g- 

0 


The vertices of a combinatorial map are defined to be pairs of conjugate orbits 
of P action on Xag, edges to be orbits of K on Xag and faces to be pairs of conjugate 
orbits of Pap action on Xag- 


For determining a map (Xag, P) is orientable or not, the following condition is 


needed. 


(iv) If the group Yr = (aß, P) is transitive on Xa g, then M is non-orientable. 


Otherwise, orientable. 


For example, the graph Do.4.o (a dipole with 4 multiple edges ) on Klein bottle 
shown in Fig.27, 
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al 


can be algebraic represented by a combinatorial map M = (Xq,s, P) with 


Xab = U {e, Qe, pe, aBe}, 


e€{x,y,z,w} 


P = (2,y,2,w)(aBx, aby, Bz, Bw) 


This map has 2 vertices vı = {(x, y, z, w), (az, aw, az,ay)}, v2 = {(aGz, aby, Bz, 
Bw), (Bx, abw, abz, By)}, 4 edges e1 = {x, ax, Br, abx}, e2 = {y, ay, By, aby}, e3 = 
{z, az, 3z,aBz}, e4 = {w, aw, Bw, abw} and 2 faces fo = {(z, aby, z, By, ax, abw), 
(Gz,aw, aBx,y,8z,ay)}, fo = {(8w, az), (w,aßz)}. The Euler characteristic of 


this map is 


y(M) =2-442=0 


and UV; = (aß, P} is transitive on Xag. Thereby it is a map of Do.49 on a Klein 
bottle with 2 faces accordance with its geometrical figure. 
The following result was gotten by Tutte in [98], which establishes a relation 


for an embedded graph with a combinatorial map. 


Theorem 2.3.15 For an embedded graph G on a locally orientable surface S, there 
exists one combinatorial map M = (Xag, P) with an underlying graph G and for a 
combinatorial map M = (Xap, P), there is an embedded graph G underlying M on 
Ds 
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Similar to the definition of a multi-voltage graph (see [56] for details), we can 


define a multi-voltage map and its lifting by applying a multi-group [ = U T; with 
i=1 
I; =T; for any integers 1,j,1 < i,j <n. 


Definition 2.3.4 Let T = ur be a finite multi-group with T = {91, 92,- -, 9m} and 
an operation set O(T) = fol <i<n} and let M = (Xap, P) be a combinatorial 
map. If there is a mapping Y : Xa g —> I such that 

(i) for Ye € Xap, Yo € K = {1,0,8, ap}, plaz) = (a), v6) = V(abe) = 
v(x); 

(ii) for any face f = (x,y,--+,2)(8z,-++, By, Bz), WU. i) = Ya) aby) o-o; 
w(z), where o; € O(T), 1<i<n and (uW(f,i)|f € F(v)) = G for Vv € V(G), where 
F(v) denotes all faces incident with v, 


then (M,w) is called a multi-voltage map. 


The lifting of a multi-voltage map is defined in the next definition. 


Definition 2.3.5 For a multi-voltage map (M,w), the lifting map M? = (AT i P?) 
is defined by 


A i = {rlx € Xag, g EI}, 


Q 


p” = JI II (£g, Ygs `` *, Sp) (Og * `, QYg, ATg), 


ger (x,y,"-,2)(az,--,ay,ax)EV (M) 


av = I (£g, ALy), 
zEXa, B JET 


B’ = Il Il (Gas (Bx) dates) 
i=1 TEXa, B 
with a convention that (82) g,o,u(2) = Yg; for some quadricells y E€ Xap. 
Notice that the lifting M” is connected and yY = (at p”, Pr) is transitive on 
Ay ge if and only if UV; = (aß, P} is transitive on Xag. We get a result in the 


following. 


Theorem 2.3.16 The Euler characteristic x(M”) of the lifting map M® of a multi- 
voltage map (M,T) is 
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i= oa 
where F(M) and o(w(f,0;)) denote the set of faces in M and the order of w(f,9;) 
n (T; 0;), respectively. 


Proof By definition the lifting map M? has |['|v(M) vertices, |[|e() edges. 
Notice that each lifting of the boundary walk of a face is a homogenous lifting by 
definition of GY. Similar to the proof of Theorem 2.2.3, we know that M” has 


n 
| 


aH faces. By the Eular-Poincaré formula we get that 


2 
i=1 fEF(M) 


x(M*) = Se OM") 


ONO 
= |P\o(M) — |Ple(M) + 
ee pR EN J 


= Me 9a +5 E WEN D) 


i= toe 





= ICON DS ana 


i=1 feF(M) a 

Recently, more and more papers concentrated on finding regular maps on sur- 
face, which are related with discrete groups, discrete geometry and crystal physics. 
For this object, an important way is by the voltage assignment on a map. In this 
field, general results for automorphisms of the lifting map are known, see [45] — [46] 
and [71] — [72] for details. It is also an interesting problem for applying these multi- 
voltage maps to finding non-regular or other maps with some constraint conditions. 

Motivated by the Four Color Conjecture, Tait conjectured that every simple 
3-polytope is hamiltonian in 1880. By Steinitz’s a famous result (see [24]), this con- 
jecture is equivalent to that every 3-connected cubic planar graph is hamiltonian. 
Tutte disproved this conjecture by giving a 3-connected non-hamiltonian cubic pla- 
nar graph with 46 vertices in 1946 and proved that every 4-connected planar graph is 
hamiltonian in 1956([97],[99]). In [56], Griinbaum conjectured that each 4-connected 
graph embeddable in the torus or in the projective plane is hamiltonian. This conjec- 
ture had been solved for the projective plane case by Thomas and Yu in 1994 ([93]). 
Notice that the splitting operator v constructed in the proof of Theorem 2.1.11 is a 


planar operator. Applying Theorem 2.1.11 on surfaces we know that for every map 
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M on a surface, M? is non-hamiltonian. In fact, we can further get an interesting 


result related with Tait’s conjecture. 


Theorem 2.3.17 There exist infinite 3—connected non-hamiltonian cubic maps on 


each locally orientable surface. 


Proof Notice that there exist 3-connected triangulations on every locally ori- 
entable surface S. Each dual of them is a 3-connected cubic map on S. Now we 


define a splitting operator ø as shown in Fig.2.28. 


ži 





"2 x3 Xo 


Fig.2.28 


For a 3-connected cubic map M, we prove that M?™ is non-hamiltonian for 
Yu € V(M). According to Theorem 2.1.7, we only need to prove that there are no 
Yı — Y2, Or Yı — Y3, Or Yo — y3 hamiltonian path in the nucleus N(a(v)) of operator 
o. 

Let H(z;) be a component of N (o(v))\{ 202i, Yi-1Ui+1, Yi+1Vi-1} which contains 
the vertex z;,1 < i < 3(all these indices mod 3). If there exists a yı — y2 hamiltonian 
path P in N(a(v)), we prove that there must be a u; — v; hamiltonian path in the 
subgraph H(z;) for an integer 7,1 < i < 3. 

Since P is a hamiltonian path in N(o(v)), there must be that viyzuz or ugysvı 
is a subpath of P. Now let Ey = {y1U3, 2023, yov3}, we know that |E(P)Q E| = 2. 
Since P is a yı — y2 hamiltonian path in the graph N(o(v)), we must have yju3 ¢ 
E(P) or yov3 ¢ E(P). Otherwise, by |E(P) N S| = 2 we get that 2923 ¢ E(P). But 


in this case, P can not be a yı — y hamiltonian path in N(o(v)), a contradiction. 
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Assume y2u3 ¢ E(P). Then you, E€ E(P). Let Ey = {urye, 2120, viy3}. We 
also know that |E(P)()F2| = 2 by the assumption that P is a hamiltonian path in 
N(a(v)). Hence 292, Z E(P) and the vı — u; subpath in P is a vı — u, hamiltonian 
path in the subgraph H (21). 

Similarly, if yiu3 ¢ E(P), then yivo € E(P). Let Es = {y1v2, 2022, ygzu2}. We 
can also get that |E(P) N E| = 2 and a v — ug hamiltonian path in the subgraph 
H(z). 

Now if there is a vı — uı hamiltonian path in the subgraph H(z,), then the 
graph H(z,) + u,v; must be hamiltonian. According to the Grinberg’s criterion for 


planar hamiltonian graphs, we know that 


3 — 03 + 2(64 — pa) + 3(b5 — 65) + 6(b3 — $8) = 0, (*) 


where ¢/ or @”; is the number of i-gons in the interior or exterior of a chosen 
hamiltonian circuit C passing through u,v; in the graph H(z1) + uiv. Since it is 


obvious that 


d,=¢@'3=1, $3 = pg = 90, 


we get that 


2(, — 4) + 3(¢5 — $5) =5, (+x) 


Dye) 

Because ¢), + $4 = 2, so ¢, — ¢’4 = 0,2 or — 2. Now the valency of 21 
in H(z,) is 2, so the 4-gon containing the vertex z1 must be in the interior of C, 
that is #, — 4 Z 2. If 6, — 674 = 0 or Øh — 64 = 2, we get 3(¢4 — Øs) = 
5 or 3(¢; — $5) = 1, a contradiction. 

Notice that H(z,) = H(z.) = H(z3). If there exists a vg — u hamiltonian 
path in H(z), a contradiction can be also gotten. So there does not exist a yı — y2 
hamiltonian path in the graph N(o(v)). Similarly , there are no yı — y3 or ye — Y3 
hamiltonian paths in the graph N(o(v)). Whence, M°™ is non-hamiltonian. 

Now let n be an integer, n > 1. We get that 
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M = (M)y™, weV(M); 
Mə = (M NCU) v E€ V(M;); 
M, = (Mn NCW) w € V(Mn_1); 


All of these maps are 3-connected non-hamiltonian cubic maps on the surface S. 


This completes the proof. h 


Corollary 2.3.5 There is not a locally orientable surface on which every 3-connected 


cubic map is hamiltonian. 


2.3.3. Multi-Embeddings in an n-manifold 


We come back to determine multi-embeddings of graphs in this subsection. Let 


S1,52,---,5, be k locally orientable surfaces and G a connected graph. Define 


numbers 
(G; S1, S2,°--, = = inf 1G DIG = w Gi, Gi > S, 1 <i <k}, 
i=l 
ym(G; S1, S2, S = max{ 1G DIG = H Gi, Gi > S, 1 <i <k}. 
i=1 


and the multi-genus range GR(G; S1, S2,- , Sk) by 


k k 
i=1 


i=1 
where G; is embeddable on a surface of genus g(G;). Then we get the following 


result. 


Theorem 2.3.18 Let G be a connected graph and let S1, S2,---, S be locally ori- 


entable surfaces with empty overlapping. Then 
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GR(G; Si, So, = nay) z: hG; Si, So, fa 9 Sk), YM (G; Si, So, gious) Sp)]. 


Proof Let G = Y Gi, Gi — S;,1 <i < k. We prove that there are no gap 

in the multi-genus iane from (G1) + y(G2) +--+ (Gp) to ym(G1) + ym (Ge) + 

-- + ym(Gk). According to Theorems 2.3.8 and 2.3.12, we know that the genus 
range GR°(G;) or GRN(G) is [y(Gi),yu(Gi)] or [F(Gi), ¥u(G;)] for any integer 
1,1 <i < k. Whence, there exists a multi-embedding of G on k locally orientable 
surfaces P, P2,---,P, with g(P,) = y(Gi), g(P2) = 7(Ge),---, g(Pe) = (Gz). 
Consider the graph G4, then G2, and then G3, --- to get multi-embedding of G on 
k locally orientable surfaces step by step. We get a multi-embedding of G on k 
surfaces with genus sum at least being an unbroken interval |y(G1) + 7(G2) +--+ 
(Gr), Yu (G1) + yu (Ge) +--+ + Y¥u(Gx)] of integers. 

By definitions of 7(G; S1, S2,- +, Sk) and Ju (Gi S1, S2, +7, Sk), we assume that 
G= WG, G; > S1 <i < k and G = © GYGY = S1 < i < k attain the 
renal values y(G; S1, S2,---,5;) and aG S1, S2, +*+, Sk), respectively. Then 
we know that the multi-embedding of G on k surfaces with genus sum is at least an 
unbroken intervals [È (G9), 3 ym(G)] and [È x(G?) 3 ym(G!)] of integers. 


Since 


> 9(S:) € D (G4), 2 ym(G)] aps (GY), 2. yu (Gi), 


i=l i=1 


we get that 


GR(G; Si, So, uty Sk) > hG; Si, So, uty Sk), YM (G; Si, S2, Py Sz)]. 


This completes the proof. ' 


For multi-embeddings of a complete graph, we get the following result. 


Theorem 2.3.19 Let Pi, Po,---, Pk and Q1, Q2,:--, Qk be respective k orientable 
and non-orientable surfaces of genus> 1. A complete graph K,, is multi-embeddable 


in Pi, Po,- --, Pp with empty overlapping if and only if 
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k 3+,/169(P) +1 k plea IRS 
2 |. len 21-9 — — 


and is multi-embeddable in Q1, Q2,---, Qk with empty overlapping if and only if 
k k T+ ue 
YS “fl + V/29(Qi)] <n > 
i=1 i=1 


Proof According to Theorem 2.3.9 and Corollary 2.3.2, we know that the genus 
g(P) of an orientable surface P on which a complete graph Kn is embeddable satisfies 


pa e (Ee), 
eea <g(P) < mn) 


If g(P) > 1, we get that 


pet Sten apa a 


2 2 


(n — 3)(n — 4) 


| 6 





1 < (Q) < 5], 


T +4/24g9(Q) + K 


2 
Now if Kn is multi-embeddable in P,, P2,---, Pk with empty overlapping, then 


[1+ y29(Q)| <n 


IA 


there must exists a partition n = ny +ng+---+ ng, ni > 1,1 <i < k. Since each 
vertex-induced subgraph of a complete graph is still a complete graph, we know that 


for any integer 7,1 < i < k, 


k + 4/16g(P;) + L. ana K + 4/48g(P;) + y 


MS 
2 = 2 


Whence, we know that 
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k 3 16g(Pi) +1 Bl 48g(P;) +1 
S ee oe (*) 


i=1 


On the other hand, if the inequality (*) holds, we can find positive integers 


N1,N2,°°°, Ng with n = ni +n +- +Nnk and 
pa T m s AT 


for any integer i, 1 < i < k. This enables us to establish a partition Kn = = 9 Kpn, for 
K„ and embed each K,,, on P; for 1 < i < k. Therefore, we get a multi- emibeddine 
of K, in P,, Po,---, Pe with empty overlapping. 

Similarly, if AK, is multicembeddable in Q1, Q2,---Q, with empty overlapping, 


there must exists a partition n = Mı + Ma +--+ Mk, m; >1,1<71<k and 


[1+ /29(Q;)| < m; < ee ee Nee 


2 
for any integer 7,1 < i < k. Whence, we get that 


k k 7 24 i 1 
sa ey a. 


i=1 i=1 
Now if the inequality (**) holds, we can also find positive integers m1, M2,- ++, Mk 


with n =m, + Mm +--+ Mg and 


for any integer 7,1 < i < k. Similar to those of orientable cases, we get a multi- 


embedding of K, in Q1, Q2, --, Qk with empty overlapping. h 


Corollary 2.3.6 A complete graph K,, is multi-embeddable in k,k > 1 orientable 
surfaces of genus p,p > 1 with empty overlapping if and only if 


pier gee! EEDA) 
kee a 2 
and is multi-embeddable in l,l > 1 non-orientable surfaces of genus q,q > 1 with 


empty overlapping if and only if 
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es + ./24q+1 
fit Pal < Fs |, 


Corollary 2.3.7 A complete graph K, is multi-embeddable in s,s > 1 tori with 
empty overlapping if and only if 

4s<n< 7s 
and is multi-embeddable in t,t > 1 projective planes with empty overlapping if and 
only if 


3t <n < 6t. 


Similarly, the following result holds for a complete bipartite graph K (n,n). 


Theorem 2.3.20 Let Pi, Po,---, Pk and Q1, Q2,---,Qx be respective k orientable 
and k non-orientable surfaces of genus> 1. A complete bipartite graph K(n,n) is 


multi-embeddable in P,, Po,---, Py with empty overlapping if and only if 


k k 
S°[1+ 29(P)] <n < D2 + ayalF 
i=1 = 
and is multi-embeddable in Q1, Q2,---,Qx with empty overlapping if and only if 
k 


dA1+ y9(Q | is < PE + v2) Q:)]. 


Proof Similar to the proof of Theorem 2.3.18, we get this result. h 


2.3.4. Classification of graphs in an n-manifold 


By Theorem 2.3.1 we can give a combinatorial definition for a graph embedded in 


an n-manifold, i.e., a manifold graph similar to the Tutte’s definition for a map. 


Definition 2.3.6 For any integer n,n > 2, an n-dimensional manifold graph "G is 
a pair "G = (Ep, L) in where a permutation L acting on Ep of a disjoint union Tx = 


{oxlo €T} for Vx € E, where E is a finite set and T = {p, olu? = o” = 1, uo = op} 








is a commutative group of order 2n with the following conditions hold. 
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(i) Vax € Ex, there does not exist an integer k such that L'a = o'x for Vi,1 < 
7<n-1; 

(ii) u£ = Lp; 

(iii) The group Yy = (u, 0, L) is transitive on Er. 


According to (i) and (ii), a vertex v of an n-dimensional manifold graph is de- 
fined to be an n-tuple {(0'x, o'x2, +++, 0'%s,(v))(0'Y1, O'Y2, =, O'Ysa(v)) e (0°21, 022, 
3 O25 cay) 1 <i < n} of permutations of £ action on Ep, edges to be these 
orbits of I action on Er. The number s)(v) + s2(v) +--+: + Si)(v) is called the 
valency of v, denoted by pz” (v). The condition (iii) is used to ensure that an 
n-dimensional manifold graph is connected. Comparing definitions of a map with 


an n-dimensional manifold graph, the following result holds. 


Theorem 2.3.21 For any integer n,n > 2, every n-dimensional manifold graph 
nG = (Ep, L) is correspondent to a unique map M = (Ex g, P) in which each verter 
v in ”G is converted to I(v) vertices v, v2,- , Viw) of M. Conversely, a map M = 
(Ex B, P) is also correspondent to an n-dimensional manifold graph "G = (Ep, £) in 


which I(v) vertices u1, U2,°*+, Uw) of M are converted to one verter u of "G. 


Two n-dimensional manifold graphs "G; = (Ep,,£1) and "G. = (€},, £2) are 
said to be isomorphic if there exists a one-to-one mapping « : Ef, > EF, such that 
ku = uk,ko = ok and KL, = Low. If Ef, = ER, = Ep and Li = Lo = CL, an 
isomorphism between "G, and ”G is called an automorphism of "G = (Er, £). It 
is immediately that all automorphisms of "G form a group under the composition 
operation. We denote this group by Aut”G. 

It is obvious that for two isomorphic n-dimensional manifold graphs "G, and 
"Go, their underlying graphs G and Ga are isomorphic. For an embedding "G = 
(Ep, £) in an n-dimensional manifold and VÇ € Aut 1 G, an induced action of ¢ on 
Er is defined by 


C(gx) = g¢(z) 
for Va € Er and Vg € I. Then the following result holds. 


Theorem 2.3.22 Aut"G < AutiG x (4). 


124 Linfan Mao: Smarandache Multi-Spaces Theory 


Proof First we prove that two n-dimensional manifold graphs "G, = (E$, £1) 
and"G2 = (Ef, £2) are isomorphic if and only if there is an element ¢ € Aut iD’ such 
that L$ = Ly or Lz}. 

If there is an element ¢ € Aut 1 I such that L$ = Ls, then the n-dimensional 
manifold graph "G, is isomorphic to "G2 by definition. If L$ = L3", then LYH = Lo. 
The n-dimensional manifold graph ”Gı is also isomorphic to "Qo. 

By the definition of an isomorphism € between n-dimensional manifold graphs 
"G, and "Gy, we know that 


pé(x) = Eu(a), 0€(x) = Eo(x) and L4(x) = Ll): 
Va € Ep. By definition these conditions 


of(x) = €o(x) and Lj(x) = Lo(c). 
are just the condition of an automorphism € or a€ on X 1 (T). Whence, the assertion 


is true. 


Now let E$, = Ef, = Er and L1 = Ly = L. We know that 


Aut"G < AutiG x (u). i 


Similar to combinatorial maps, the action of an automorphism of a manifold 


graph on Er is fixed-free. 
Theorem 2.3.23 Let”G = (Er, L) be an n-dimensional manifold graph. Then 
(Aut"G),, is trivial for Yx € Er. 


Proof For Vg € (Aut"G),, we prove that g(y) = y for Vy € Er. In fact, since 
the group UV; = (u,0, L) is transitive on Er, there exists an element T € Yy such 
that y = T(x). By definition we know that every element in Yy is commutative with 


automorphisms of "G. Whence, we get that 


i.e., (Aut"G), is trivial. ' 


Corollary 2.3.8 Let M = (Xag, P) be a map. Then for Vx € Xag, (AutM), is 


trivial. 
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For an n-dimensional manifold graph "G = (Er, £), an x € Er is said a root 
of "G. If we have chosen a root r on an n-dimensional manifold graph "G, then 
"G is called a rooted n-dimensional manifold graph, denoted by "G". Two rooted 
n-dimensional manifold graphs "G" and "G"™ are said to be isomorphic if there is an 
isomorphism ç between them such that ¢(r1) = r2. Applying Theorem 2.3.23 and 
Corollary 2.3.1, we get an enumeration result for n-dimensional manifold graphs 


underlying a graph G in the following. 


Theorem 2.3.24 For any integer n,n > 3, the number r3(G) of rooted n-dimensional 
manifold graphs underlying a graph G is 
ne(G) II pew)! 


vEV (G) 


S = 
y= | AutsG| 


Proof Denote the set of all non-isomorphic n-dimensional manifold graphs 
underlying a graph G by G°(G). For an n-dimensional graph "G = (Er, £) € 
G°(G), denote the number of non-isomorphic rooted n-dimensional manifold graphs 
underlying "G by r("G). By a result in permutation groups theory, for Vz € Ep we 
know that 


|Aut"G| = |(Aut"@),||a°""". 

According to Theorem 2.3.23, |(Aut"G),| = 1. Whence, |AS] = |Aut”G]. 
However there are |Ep| = 2ne(G) roots in ”G by definition. Therefore, the number of 
non-isomorphic rooted n-dimensional manifold graphs underlying an n-dimensional 
graph "G is 

E 2ne(G 
|Aut”G| = |Aut”G| 


Whence, the number of non-isomorphic rooted n-dimensional manifold graphs un- 








derlying a graph G is 


2ne(G) 


rm(G) = EAE 
0) |Aut”G] 


ngegsS 
According to Theorem 2.3.22, Aut"G < AutiG x (u). Whence T € Aut”G for 


nG €e G°(G) if and only if r € (AutsG x ())ng. Therefore, we know that Aut"G = 
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(AutiG x (11))ng. Because of |AutiG x (w) | = |(AutaG xiu jagg! 9 


get that 


, we 


pgn = 2|AutiG| 
|Aut"G| ` 
Therefore, 
2 
r(@) = mt) 
ngegs(g) ut"G| 
B 2ne(G) D |AutiG x (u) | 
|AutiG x (u) | ngegs(@) |Aut"G| 
2ne(G) Aut i Gx (p)| 
|AutiG x (u) | ase 
ne(G) TI palv)! 
vEV (G) 
|AutiG| 
by applying Corollary 2.3.1. ' 


Notice the fact that an embedded graph in a 2-dimensional manifolds is just a 
map. Then Definition 3.6 is converted to Tutte’s definition for combinatorial maps 
in this case. We can also get an enumeration result for rooted maps on surfaces 


underlying a graph G by applying Theorems 2.3.7 and 2.3.23 in the following. 


Theorem 2.3.25([66],{67]) The number r*(T) of rooted maps on locally orientable 


surfaces underlying a connected graph G 1s 


@)+e(G) TT (p(v) — 1)! 


vEV (G) 
|AutiG| : 


where B(G) = <«(G) —v(G) + 1 is the Betti number of G. 


r4(G) = 


Similarly, for a graph G = 8 G; and a multi-manifold M = U Mt, choose 1 


i=} 


commutative groups [1,2,4 E where [; = (Hh oilu2 = o" = 1) for any integer 


i, 1 <i< l. Consider permutations acting on Ù Er;,, where for any integer 7,1 < i < 
l, Er, is a disjoint union Ta = {o;xz|o; € T} for Var € ns ). Similar to Definition 
2.3.6, we can also get a multi-embedding of G in M= Ú M”. 


i=1 
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§2.4 Multi-Spaces on Graphs 


A Smarandache multi-space is a union of k spaces A1, Ao,---,A, for an integer 
k,k > 2 with some additional constraint conditions. For describing a finite algebraic 
multi-space, graphs are a useful way. All graphs considered in this section are 


directed graphs. 


2.4.1. A graph model for an operation system 


A graph is called a directed graph if there is an orientation on its every edge. A 
directed graph G is called an Euler graph if we can travel all edges of G alone 
orientations on its edges with no repeat starting at any vertex u € V(G) and come 
back to u. For a directed graph G we use the convention that the orientation on 
the edge e is u > v for Ve = (u,v) € E(G) and say that e is incident from u and 
incident to v. For u € ViG). the outdegree Pa (u) of u is the number of edges in G 
incident from u and the indegree Pa (u) of u is the number of edges in G incident 


to u. Whence, we know that 


Pa (ep a Ee 
It is well-known that a graph G is Eulerian if and only if Pa (u) = Pa (u) for 
Vu € V(G), seeing examples in [11] for details. For a multiple 2-edge (a,b), if two 
orientations on edges are both to a or both to b, then we say it to be a parallel 
multiple 2-edge. If one orientation is to a and another is to b, then we say it to be 
an opposite multiple 2-edge. 

Now let (A; o) be an algebraic system with operation “o”. We associate a 
weighted graph G[A] for (A; o) defined as in the next definition. 


Definition 2.4.1 Let (A;0) be an algebraic system. Define a weighted graph G[A] 
associated with (A; o) by 


V(G[A]) = A 


and 


E(G[A]) = {(a,c) with weight ob| if aob=c for Va,b,c € A} 
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as shown in Fig.2.29. 


a ob Cc 
[sere] o> GBS 


Fig.2.29 


For example, the associated graph G[Z4]| for the commutative group Z4 is shown 
in Fig.2.30. 





Fig.2.30 


The advantage of Definition 2.4.1 is that for any edge in GJA], if its vertices are 
a,c with a weight ob, then aob = c and vice versa, if aob = c, then there is one and 
only one edge in G[A] with vertices a,c and weight ob. This property enables us to 


find some structure properties of G|A] for an algebraic system (A; o). 
P1. G[A] is connected if and only if there are no partition A = A,U A> such that 
for Va, € Aj, Vaz € Ag, there are no definition for a, o ag in (A;0). 


If G[A] is disconnected, we choose one component C and let A; = V(C). Define 
A> = V(G[A]) \ V(C). Then we get a partition A = AU Ap and for Va; € Aj, 


Vag € Ag, there are no definition for a; oax in (A; o), a contradiction and vice versa. 


P2. If there is a unit 14 in (A;0), then there exists a vertex 14 in G[A] such that 


the weight on the edge (14,2) is ox if 1,402 is defined in (A; o) and vice versa. 


P3. Fora € A, if a7! exists, then there is an opposite multiple 2-edge (14,a) in 


G[A] with weights oa and oa~', respectively and vice versa. 
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P4. For Va,b € A ifaob= boa, then there are edges (a,x) and (b,x), x E€ A in 


(A; 0) with weights w(a,x) = ob and w(b, x) = oa, respectively and vice versa. 


P5. If the cancellation law holds in (A; 0), i.e., for Va,b,c € A, ifaob=aoc then 


b =c, then there are no parallel multiple 2-edges in G[A] and vice versa. 


The property P2, P3, P4 and P5 are gotten by definition. Each of these cases 
is shown in Fig.2.31(1), (2), (3) and (4), respectively. 


a 
oa oa! J/N { oc 
la a b a 


(1) (2) (3) (4) 





Fig.2.31 


Definition 2.4.2 An algebraic system (A;0) is called to be a one-way system if 
there exists a mapping w : A — A such that if aob €E A, then there exists a unique 


cE A,com(b) € A. w is called a one-way function on (A; o). 


We have the following results for an algebraic system (A; o) with its associated 
weighted graph GJA]. 


Theorem 2.4.1 Let (A;0) be an algebraic system with a associated weighted graph 
G|A]. Then 

(i) if there is a one-way function w on (A;0), then G[A] is an Euler graph, 
and vice versa, if G|A] is an Euler graph, then there exist a one-way function w on 
(A; 0). 

(ii) if (A;0) is a complete algebraic system, then the outdegree of every verter 
in G[A] is |A|; in addition, if the cancellation law holds in (A;0), then GJA] is a 
complete multiple 2-graph with a loop attaching at each of its vertices such that each 


edge between two vertices in G[A] is an opposite multiple 2-edge, and vice versa. 


Proof (i) Assume w is a one-way function w on (A;0). By definition there 


exists c E€ A, co w(b) € A for Va E€ A, aob € A. Thereby there is a one-to-one 
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correspondence between edges from a with edges to a. That is, pay 44) = Pagla) 
for Va € V(G[A]). Therefore, G[A] is an Euler graph. 

Now if G[A] is an Euler graph, then there is a one-to-one correspondence be- 
tween edges in E~ = {e;;1 < i < k} from a vertex a with edges Et = {e731 < 
i < k} to the vertex a. For any integer i,1 < i < k, define w : w(e;) > w(e7). 
Therefore, w is a well-defined one-way function on (A; o). 

(ii) If (A;0) is complete, then for Va E€ A and Vb € A, aob € A. Therefore, 
Pa (a) = |A| for any vertex a € V(G[A]). 

If the cancellation law holds in (A;o), by P5 there are no parallel multiple 
2-edges in G|A]. Whence, each edge between two vertices is an opposite 2-edge and 
weights on loops are oly. 

By definition, if G[A] is a complete multiple 2-graph with a loop attaching at 
each of its vertices such that each edge between two vertices in G|A] is an oppo- 
site multiple 2-edge, we know that (A;0) is a complete algebraic system with the 
cancellation law holding by the definition of GJA]. 4 


Corollary 2.4.1 Let T be a semigroup. Then G[|T] is a complete multiple 2-graph 
with a loop attaching at each of its vertices such that each edge between two vertices 


in GA] is an opposite multiple 2-edge. 


Notice that in a group T, Vg € T, if g? 4 1p, then g7! 4 g. Whence, all 
elements of order> 2 in I can be classified into pairs. This fact enables us to know 


the following result. 


Corollary 2.4.2 Let I be a group of even order. Then there are opposite multiple 
2-edges in G[T'| such that weights on its 2 directed edges are the same. 


2.4.2. Multi-Spaces on graphs 


Let I be a Smarandache multi-space. Its associated weighted graph is defined in 


the following. 


Definition 2.4.3 Let T = Ü T; be an algebraic multi-space with (Ti; o;) being 
i=1 


an algebraic system for any integer 1,1 < i < n. Define a weighted graph G(T) 
associated with T by 
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G?) = Uc, 
i=l 
where G|T;] is the associated weighted graph of (Ti; o;i) for 1 <i<n. 


For example, the weighted graph shown in Fig.2.32 is correspondent with 
a multi-space F = r UI UTs, where (T1; +) = (Z3, +), To = {e,a,b}, T3 = 


{1,2,a,b} and these operations “-” on Ty and “o” on T3 are shown in tables 2.4.1 


and 2.4.2. 
+0 1 
+1 
+2 
+0 0% +2 
+2 


X 








b e a 


oļ 1 2 a b 





1 
2 
a 
b 


* 
* 


9 x 
table 2.4.2 


Notice that the correspondence between the multi-space I and the weighted 


graph GIT] is one-to-one. We immediately get the following result. 


Theorem 2.4.2 The mappings 7 :T — G[I] and r~! : GIT] — T are all one-to-one. 


According to Theorems 2.4.1 and 2.4.2, we get some consequences in the fol- 
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lowing. 


Corollary 2.4.3 LetT = Ü T; be a multi-space with an algebraic system (Ti; o;) for 
i=1 

any integer i,1 <i <n. If for any integer i,1 < i < n, G|I;] is a complete multiple 

2-graph with a loop attaching at each of its vertices such that each edge between two 


vertices in G[T;| is an opposite multiple 2-edge, then [ is a complete multi-space. 


Corollary 2.4.4 Let I = Ü T; be a multi-group with an operation set O(T) = 
i=l 


{o1 <i <n}. Then there is a partition GIT] = U G; such that each G; being a 
complete multiple 2-graph attaching with a loop at each of its vertices such that each 
edge between two vertices in V(G;) is an opposite multiple 2-edge for any integer 
il<i<n. 


Corollary 2.4.5 Let F be a body. Then G[F] is a union of two graphs K*(F) and 
K?(F*), where K?(F) or K?(F*) is a complete multiple 2-graph with vertex set F 
or F* = F \ {0} and with a loop attaching at each of its vertices such that each edge 


between two different vertices is an opposite multiple 2-edge. 


2.4.3. Cayley graphs of a multi-group 


Similar to the definition of Cayley graphs of a finite generated group, we can oe 
define Cayley graphs of a finite generated multi-group, where a multi-group I = U r; 
is said to be finite generated if the group T; is finite generated for any Eo 
i1 <i< n, ie, D; = (ti Yn, Za) We denote by D = (ti Yi, Za L Lin) 
if T is finite generated by {2i Yi Za lL Lin}. 


Definition 2.4.4 Let T = (Ui, Yi t, Za; 1 <i <n) be a finite generated multi- 

group, S = Ü Sı, where lp, € Si, S~! = {aa € S} = S and (S) =T; for any 
i=1 

integer 1,1 <i<n. A Cayley graph Cay(T : S) is defined by 


V(Cay(P : S)) = 


and 


E(Cay(T : 8)) = {(g,h)| if there exists an integer igt o; h € S;,1<i <n}. 
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By Definition 2.4.4, we immediately get the following result for Cayley graphs 
of a finite generated multi-group. 


Theorem 2.4.3 For a Cayley graph Cay(T : S) with I = Ü T; and S = Ü S 
j=l i=l 


i= 


Cay(T : S) = LJ Cay(T; : S;). 
i=1 

It is well-known that every Cayley graph of order> 3 is 2-connected. But in 
general, a Cayley graph of a multi-group is not connected. For the connectedness of 
Cayley graphs of multi-groups, we get the following result. 
Theorem 2.4.4 A Cayley graph Cay(T : 8) with T = Ur, and S = Ü S; is 

i=1 i=l 

connected if and only if for any integer i,1 < i < n, there exists an integer j,1 < 
j <n andj Ai such that iNT; 49. 


Proof According to Theorem 2.4.3, if there is an integer 7,1 <i < n such that 
r;NT; = 0 for any integer j,1 < j < n, j # i, then there are no edges with the 
form (g;,h), gi € Ta, h € D \T;. Thereby Cay(P : S) is not connected. 

Notice that Cay(T : S) = U Cay(T; : Si). Not loss of generality, we assume 
that g € I and h € TI), where 1< k,l < n for any two elements g, h € T. If k= L, 
then there must exists a path connecting g and h in Cay(T :§ ). 

Now if k £1 and for any integer i, 1 < i < n, there is an integer 7,1 < j < n and 
j #isuch that T; NT; 4 0, then we can find integers 71, i2,-+-,%5, 1 < t1,42,-++, is < 
n such that 


Det Wa f 0, 


Pi NPE F 0, 


Ti, QT: #0. 
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Thereby we can find a path connecting g and h in Cay(T : S) passing through 
these vertices in Cay(Tj, : Sa), Cay(Ti, : Sio), +7, and Cay(T;, : S;,). Therefore, 
Cay(L : S) is connected. h 

The following theorem is gotten by the definition of a Cayley graph and Theo- 
rem 2.4.4. 


Theorem 2.4.5 [fT = Ü T with |T| > 3, then a Cayley graph Cay(T : S) 
i=l 
(i) is an |S|-regular graph; 
(ii) the edge connectivity K(Cay(I : S)) > 2n. 


Proof The assertion (i) is gotten by the definition of Cay(f : 9). For (ii) 
since every Cayley graph of order> 3 is 2-connected, for any two vertices g,h in 
Cay(T : S), there are at least 2n edge disjoint paths connecting g and h. Whence, 
the edge connectivity x(Cay(T : 8)) > 2n. h 

Applying multi-voltage graphs, we get a structure result for Cayley graphs of 
a finite multi-group similar to that of Cayley graphs of a finite group. 


Theorem 2.4.6 For a Cayley graph Cay(T : S) of a finite multi-group T = Ü T; 
i=l 


with Š = Ü S;, there is a multi-voltage bouquet ¢ : Bg — Š such that Cay(P: 8) S 
i=l 
(Big) 


Proof Let S = {s;;1 < i < |S|} and E(Bg) = {Lil <i < |S|}. Define a 
multi-voltage graph on a bouquet By by 
ç: Li > Si, 1<i<|Sl. 


Then we know that there is an isomorphism 7 between (Bz) and Cay(Î : S') by 
defining 7(O,) = g for Yg € I, where V(B z) =40% ' 


Corollary 2.4.6 For a Cayley graph Cay(T : S) of a finite group T, there exists a 
voltage bouquet a: Bis; > S such that Cay(T : S) = (Bis). 


§2.5 Graph Phase Spaces 


The behavior of a graph in an m-manifold is related with theoretical physics since it 


can be viewed as a model of p-branes in M-theory both for a microcosmic and macro- 
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cosmic world. For more details one can see in Chapter 6. This section concentrates 


on surveying some useful fundamental elements for graphs in n-manifolds. 


2.5.1. Graph phase in a multi-space 
For convenience, we introduce some notations used in this section in the following. 


M — a multi-manifold M = U M”™, where M™ is an n;-manifold, n; > 2. For 
multi-manifolds, see also those MEN in Subsection 1.5.4. 

uc M -a point T of M. 

G — a graph G embedded in M. 

C (M) — the set of smooth mappings w : M > M, differentiable at each point 
uin M. 


Now we define the phase of a graph in a multi-space. 


Definition 2.5.1 Let G be a graph embedded in a multi-manifold M. A phase of G 
in M is a triple (G;w, A) with an operation o on C(M), where w : V(G) > C(M) 
and A : E(G) > C(M) such that A(T, 0) = 20 for V(u,0) € E(G), where || 7 || 


[uzl 





denotes the norm of T. 


For examples, the complete graph K4 embedded in Rê has a phase as shown in 
Fig.2.33, where g € C(R®) and h € C(R?). 


g íu) 
(w, u) ) 
— oN 


a “hu, v) 


h(w, eg oph(or YA 


g (w) hív, w) g (v) 





Fig.2.33 


Similar to the definition of a adjacent matrix on a graph, we can also define 


matrixes on graph phases . 


Definition 2.5.2 Let (G;w,A) be a phase and A[G] = [aij|pxp the adjacent matrix 
of a graph G with V(G) = {v1,v2,-++, Up}. Define matrizes V[G] = [Vijlpxp and 
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|| v; — 7; || 


and 


_ wi) ow) 
1a —3; IP 


Nij if aij #0; otherwise, Aij = 0, 


where “o” is an operation on C(M). 


For example, for the phase of Ky, in Fig.2.33, if choice glu) = (z1, £2, £3), 
g(v) = (Yr, Y2; Y3), gw) = (21, 22, 23), g(0) = (tı, te, t3) and o = x, the multiplication 
of vectors in R3, then we get that 





























pluw) p(u,w) p(u,0) 
fr e a 
= p\v,u plv,w plv,t 
VAG) = g(w) g(w) 0 g(w) 
p(w,u) — p(w,v) p(w,o) 
go) g(o) g(o) 0 











where 


plu, v) = pv, u) = y (z1 — y1)? + (22 — ya)? + (23 — ys)?, 


plu, w) = p(w, u) = y (£1 — 21)? + (£2 — 22)? + (£3 — 23)?, 


plu, o) = plo, u) = y (a1 — t1)? + (£2 — t2)? + (£3 — ts), 


plv, w) = p(w, v) = y (y1 — 21)? + (y2 — 22)? + (ys — 23)?, 


plv, 0) = plo, v) = y (y1 — t1)? + (y2 — t2)? + (ys — t3)’, 


p(w, 0) = plo, w) = y (41 — t1)? + (22 — te)? + (23 — t3)? 


and 
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where 
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g(u)xg(w) g(u)xg(0) 
p° (u,w) p?(u,0) 
g(v)xg(w) — g(vxg(o) 
p° (v,w) o l 
g(w)xg(o 
í Ls p?(w,o) 
g(o)Xg(w 
p?(0,w) 0 


glu) x glv) = (£2Y3 — £3Y2, L3y1 — X1Y3, Liy2 — T21), 


glu) x g(w) = (£223 — £322, £321 — £123, Z122 — £221), 


glu) x glo) = (£2t3 — £3t2, £3tı — T1t3, Lite — Lot), 


g(v) x glu) = (y2£3 — Y3T2, Y3£1 — Y1%3, YiL2 — Y2%1), 


g(v) x g(w) = (Y223 — Y322, Y3Z1 — Y123, Y122 — Y221), 


g(v) x glo) = (Yyats — y3t2, ysti — yits, yite — yotr), 


g(w) x glu) = (z223 — 23%, Z3ť1 — 21%3, Z1ť2 — 22%1), 


g(w) x g(v) = (22Y3 — 2342, 2341 — 2193; Z21Y2 — 2291), 


g(w) x glo) = (z2t3 — zat2, z3t1 — 21t3, Zıt2 — 22t1), 


glo) X glu) = (te%3 — t3£2, t3£1 — t13, t1£2 — t2%1), 


g(o) x glv) = (t243 — tayo, t3Y1 — trys, t1Y2 — toy), 
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g(o) x g(w) = (t223 — t322, t321 — t123, t122 — t221). 
For two given matrixes A = [a;;|,x, and B = [bij]pxp, the star product “*” on 


an operation “o” is defined by A» B = |aj; © bijļpxp. We get the following result for 
matrixes V|G] and A[G]. 


Theorem 2.5.1  V[G] » V*[G] = A[G]. 
Proof Calculation shows that each (i, j) entry in V[G] « V‘[G] is 


W) oT) wow) _, 


læ-zl y-al a- 


where 1 < i,j < p. Therefore, we get that 


V[g] » v‘ig] = Alg]. 4 


An operation called addition on graph phases is defined in the next. 


Definition 2.5.3 For two phase spaces (G1; w1, A1), (G2; w2, A2) of graphs G1, Go in 
M and two operations “e” and “o” on C(M), their addition is defined by 


(Gi; w1, Ar) B(G2: w2, A2) = (“i a> Go; w1 @ w2, A; @ A2), 
where wi è ws : V(G, UG2) > C(M) satisfying 


wi(t)eur(t), if TEV(G)AV G2), 


W1 © w2(T) = w(u), if u E V (G1) \ V (Go), 
w(T), if TE V(G2)\ V (G1). 
and 
A, © A(T,7) = W1 @ w(T) OW @ wz2(7) 


|u-7 ||? 


for (u,0) € E(G1) U E(G2) 
The following result is immediately gotten by Definition 2.5.3. 
Theorem 2.5.2 For two given operations “e” and “o” on C(M), all graph phases 


in M form a linear space on the field Z with a phase @ for any graph phases 
(Gi; w1, A1) and (Go; w2, Ag) in M. 
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2.5.2. Transformation of a graph phase 


Definition 2.5.4 Let (G1; w1, A1) and (Go; we, A2) be graph phases of graphs Gi and 
Go in a multi-space M with operations “01,0”, respectively. If there exists a smooth 


mapping T € C(M) such that 


T : (G1; w1, A1) > (Go; w2, A2), 


ie., for YT € V(Gi), YŒ, T) € E(Gi), T(Gi) = Go, T(w(T)) = wa(T(T)) and 
T(Ai(U, D)) = Ao(7(U, B)), then we say (G1; w1, A1) and (Go; we, A2) are transformable 


and T a transform mapping. 


For examples, a transform mapping t for embeddings of Ky in R? and on the 


plane is shown in Fig.2.34 





Fig.2.34 


Theorem 2.5.3 Let (G1; w1, A1) and (Go; we, Ae) be transformable graph phases with 


transform mapping T. If T is one-to-one on Gy and Go, then G, is isomorphic to Go. 


Proof By definitions, if T is one-to-one on G; and Go, then 7 is an isomorphism 
between G; and Gp. h 

A very useful case among transformable graph phases is that one can find 
parameters t),t2,---,tg,q È 1, such that each vertex of a graph phase is a smooth 
mapping of t),t2,---,tg, 1e., for Vu € M, we consider it as U(ti,t2,---,t,). In this 


case, we introduce two conceptions on graph phases. 


Definition 2.5.5 For a graph phase (G;w, A), define its capacity Ca(G;w, A) and 
entropy En(G;w,A) by 
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CalGu,A)= E wf) 


meV (G) 
and 


En(G;w, A) =log( [J || #@) I). 
ueV (g) 
Then we know the following result. 


Theorem 2.5.4 For a graph phase (G;w,A), its capacity Ca(G;w, A) and entropy 
En(G;w,A) satisfy the following differential equations 


OC'a(G; w, A) OEn(G; w, A) 


where we use the Einstein summation convention, i.e., a sum is over i if it is ap- 


dCa(G;w, A) = du; and dEn(G;w,A) = dui, 


pearing both in upper and lower indices. 


Proof Not loss of generality, we assume T = (u1, U2,'':, Up) for VU € M. 


According to the invariance of differential form, we know that 


By the definition of the capacity Ca(G; w, A) and entropy En(G;w, A) of a graph 
phase, we get that 





dCa(G;w,A) = X dwm) 
meV (G) 
ə = 
Ow (7) xe w(z)) 
= du; = ————_du; 
meV (G) Ou; Ou; 
= DOUG aA) i 
Ou; 
Similarly, we also obtain that 
dEn(G;w,A) = >, dlog || v I) 


meV (G) 
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ð log |w(@)| 
ZES EN i 
TEV (G) Ou; Ou; 
OEn(G; w, A) 
Ou; 
This completes the proof. i 


du; $ 


In a 3-dimensional Euclid space we can get more concrete results for graph 
phases (G;w,A). In this case, we get some formulae in the following by choice 


u = (£1, £2, £3) and U = (Y1, Y2, Y3). 


w(T) = (z1, £2, £3) for Vu € V (G), 


L2Y3 — L3Y2, LZY1 — T1Y3, L1Y2 — T2Y1 


ES pea E E E 


for V(ū, v) € E(G), 


CalG;w, A)=( X tit), X z0), X, 20) 


meV (G) weV (G) uwEV(G) 


and 


n(G;w,A)= X log(x?(u) + r3) + x30). 
UEV(G) 


§2.6 Remarks and Open Problems 


2.6.1 A graphical property P(G) is called to be subgraph hereditary if for any 
subgraph H C G, H posses P(G) whenever G posses the property P(G). For 
example, the properties: G is complete and the vertex coloring number x(G) < k 
both are subgraph hereditary. The hereditary property of a graph can be generalized 
by the following way. 

Let G and H be two graphs in a space M. If there is a smooth mapping ¢ 
in C(M) such that ¢<(G) = H, then we say G and H are equivalent in M. Many 
conceptions in graph theory can be included in this definition, such as graph homo- 


morphism, graph equivalent, ---, etc. 


Problem 2.6.1 Applying different smooth mappings in a space such as smooth 


mappings in RÌ or R4 to classify graphs and to find their invariants. 
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Problem 2.6.2 Find which parameters already known in graph theory for a graph 
is invariant or to find the smooth mapping in a space on which this parameter is 


invariant. 


2.6.2 As an efficient way for finding regular covering spaces of a graph, voltage graphs 
have been gotten more attentions in the past half-century by mathematicians. Works 
for regular covering spaces of a graph can seen in [23], [45] — [46] and [71] — [72]. 
But few works are found in publication for irregular covering spaces of a graph. The 
multi-voltage graph of type 1 or type 2 with multi-groups defined in Section 2.2 are 


candidate for further research on irregular covering spaces of graphs. 


Problem 2.6.3 Applying multi-voltage graphs to get the genus of a graph with less 


symmetries. 


Problem 2.6.4 Find new actions of a multi-group on a graph, such as the left 
subaction and its contribution to topological graph theory. What can we say for 


automorphisms of the lifting of a multi-voltage graph? 


There is a famous conjecture for Cayley graphs of a finite group in algebraic 
graph theory, i.e., every connected Cayley graph of order> 3 is hamiltonian. Simi- 


larly, we can also present a conjecture for Cayley graphs of a multi-group. 


Conjecture 2.6.1 Every Cayley graph of a finite multi-group T = U T; with order> 
i=1 


3 and | a T;| > 2 is hamiltonian. 
=A 


2.6.3 As pointed out in [56], for applying combinatorics to other sciences, a good 
idea is pullback measures on combinatorial objects, initially ignored by the classi- 
cal combinatorics and reconstructed or make a combinatorial generalization for the 
classical mathematics, such as, the algebra, the differential geometry, the Riemann 
geometry, --- and the mechanics, the theoretical physics, ---. For this object, a more 
natural way is to put a graph in a metric space and find its good behaviors. The 
problem discussed in Sections 2.3 is just an elementary step for this target. More 
works should be done and more techniques should be designed. The following open 


problems are valuable to research for a researcher on combinatorics. 


Problem 2.6.5 Find which parameters for a graph can be used to a graph in a 
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space. Determine combinatorial properties of a graph in a space. 


Consider a graph in an Euclid space of dimension 3. All of its edges are seen as 
a structural member, such as steel bars or rods and its vertices are hinged points. 


Then we raise the following problem. 


Problem 2.6.6 Applying structural mechanics to classify what kind of graph struc- 
tures are stable or unstable. Whether can we discover structural mechanics of 


dimension> 4 by this idea? 


We have known the orbit of a point under an action of a group, for example, a 
torus is an orbit of Z x Z action on a point in R3. Similarly, we can also define an 
orbit of a graph in a space under an action on this space. 

Let G be a graph in a multi-space M and Il a family of actions on M. Define 
an orbit Or(G) by 


Or(G) = {x(G)| Yr € I}. 


Problem 2.6.7 Given an action t, continuous or discontinuous on a space M, for 
example R? and a graph G in M, find the orbit of G under the action of 7. When 


can we get a closed geometrical object by this action? 


Problem 2.6.8 Given a family A of actions, continuous or discontinuous on a 
space M anda graph G in M, find the orbit of G under these actions in A. Find the 


orbit of a vertex or an edge of G under the action of G, and when are they closed? 


2.6.4 The central idea in Section 2.4 is that a graph is equivalent to Smarandache 
multi-spaces. This fact enables us to investigate Smarandache multi-spaces possible 
by a combinatorial approach. Applying infinite graph theory (see [94] for details), 
we can also define an infinite graph for an infinite Smarandache multi-space similar 
to Definition 2.4.3. 


Problem 2.6.9 Find its structural properties of an infinite graph of an infinite 


Smarandache multi-space. 


2.6.5 There is an alternative way for defining transformable graph phases, i.e., by 


homotopy groups in a topological space, which is stated as follows. 
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Let (G1; w1, A1) and (G2; w2, A2) be two graph phases. If there is a continuous 
mapping H : C(M) x I > C(M) x I, I = [0,1] such that H(C(M), 0) = (Gi; w1, A) 
and H(C(M), 1) = (Go; we, Ag), then (G1; w1, A1) and (Go; w2, Ag) are said two trans- 
formable graph phases. 

Similar to topology, we can also introduce product on homotopy equivalence 
classes and prove that all homotopy equivalence classes form a group. This group 
is called a fundamental group and denote it by 7(G;w,A). In topology there is 
a famous theorem, called the Sezfert and Van Kampen theorem for characterizing 
fundamental groups mı( A) of topological spaces A restated as follows (see [92] for 
details). 


Suppose E is a space which can be expressed as the union of path-connected open 
sets A, B such that ANB is path-connected and mı( A) and 7(B) have respective 


presentations 


(a1, >, ami T1, Tn), 


(by, - ++, bm; S1, Sn) 


while mı( ANB) is finitely generated. Then mı(E) has a presentation 


(a1, tt, Am, OL Oy eT iy Tn S1, °t Sn, U1 = Ve = Vt), 


where ui, vi, i = 1,---,t are expressions for the generators of mı( ANB) in terms of 


the generators of mı( A) and mı(B) respectively. 


Then there is a problem for the fundamental group 7(G;w, A) of a graph phase 
(G;w, A). 


Problem 2.6.10 Find a result similar to the Seifert and Van Kampen theorem for 


the fundamental group of a graph phase. 
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As a kind of multi-metric spaces, Smarandache geometries were introduced by 
Smarandache in [86] and investigated by many mathematicians. These geometries 
are related with the Euclid geometry, the Lobachevshy-Bolyai-Gauss geometry and 
the Riemann geometry, also related with relativity theory and parallel universes (see 
[56], [35] — [36], [38] and [77] — [78] for details). As a generalization of Smarandache 
manifolds of dimension 2, Map geometries were introduced in [55], [57] and [62], 
which can be also seen as a realization of Smarandache geometries on surfaces or 


Smarandache geometries on maps. 


§3.1 Smarandache Geometries 


3.1.1. What are lost in classical mathematics? 


As we known, mathematics is a powerful tool of sciences for its unity and neatness, 
without any shade of mankind. On the other hand, it is also a kind of aesthetics 
deep down in one’s mind. There is a famous proverb says that only the beautiful 
things can be handed down to today, which is also true for the mathematics. 

Here, the terms unity and neatness are relative and local, maybe also have 
various conditions. For obtaining a good result, many unimportant matters are 
abandoned in the research process. Whether are those matters still unimportant in 
another time? It is not true. That is why we need to think a queer question: what 
are lost in the classical mathematics ? 

For example, a compact surface is topological equivalent to a polygon with 


even number of edges by identifying each pairs of edges along its a given direction 
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([68], [92]). If label each pair of edges by a letter e,e € E, a surface S is also identified 
to a cyclic permutation such that each edge e,e € E£ just appears two times in S, 


one is e and another is e~t 


(orientable) or e (non-orientable). Let a, b,c,--- denote 
letters in E and A, B,C,--- the sections of successive letters in a linear order on a 
surface S (or a string of letters on S). Then, an orientable surface can be represented 


by 


S = (---,A,a,B,a7',C,---), 


where, a € E and A, B, C denote strings of letter. Three elementary transformations 


are defined as follows: 


(01) (A,a,a™, B) & (A, B); 

(O2) (i) (A,a,b, B,b™t,a7t}) (Ale Bye): 
(ii) (A,a,b, B,a, je (A,c, B, cœ); 

(O3) (i) (A,a, B,C,a™t, D) & (B,a, A, D,a™t, C): 
(ii) (A,a,B,C,a,D) & (B,a,A,C™,a, D7}). 


If a surface Sọ can be obtained by these elementary transformations O,-O3 from a 
surface ©, it is said that S is elementary equivalent with So, denoted by S ~pı So. 


We have known the following formulae from [43]: 
(i) (A,a, Bb Coa D,b™t, E) ~ri (A, D,C, B, E, a,b, a7}, b7t}); 
(ii) (A,c,B,c) ~m (A, Bt, C, c, c); 
(iii) (A,c,c,a,b,a7', bt) ~p (A, c, c, a, a,b, b). 
Then we can get the classification theorem of compact surfaces as follows([68]): 


Any compact surface is homeomorphic to one of the following standard surfaces: 
(Po) The sphere: aa~'; 
(Pa) The connected sum of n,n > 1, tori: 





aba; lb lazbza3 1p3' `- Anbn a,b 


(Qn) The connected sum of n,n > 1, projective planes: 


1010209 ` * * Anan. 
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As we have discussed in Chapter 2, a combinatorial map is just a kind of de- 
composition of a surface. Notice that all the standard surfaces are one face map 
underlying an one vertex graph, i.e., a bouquet B, with n > 1. By a combinatorial 
view, a combinatorial map is nothing but a surface. This assertion is needed clari- 


fying. For example, let us see the left graph Il, in Fig. 3.1, which is a tetrahedron. 


27 2 3 


Fig.3.1 


Whether can we say Į[[4 is a sphere? Certainly NOT. Since any point u on a sphere 
has a neighborhood N (u) homeomorphic to an open disc, thereby all angles incident 
with the point 1 must be 120° degree on a sphere. But in I4, those are only 60° 
degree. For making them same in a topological sense, i.e., homeomorphism, we 
must blow up the Il, and make it become a sphere. This physical processing is 
shown in the Fig.3.1. Whence, for getting the classification theorem of compact 
surfaces, we lose the angle,area, volume, distance, curvature, --, etc, which are also 
lost in combinatorial maps. 

By a geometrical view, Klein Erlanger Program says that any geometry is noth- 
ing but find invariants under a transformation group of this geometry. This is essen- 
tially the group action idea and widely used in mathematics today. Surveying topics 
appearing in publications for combinatorial maps, we know the following problems 


are applications of Klein Erlanger Program: 


i) to determine isomorphism maps or rooted maps; 
ii) to determine equivalent embeddings of a graph; 


iti) to determine an embedding whether exists or not; 


( 
( 
( 
(iv) to enumerate maps or rooted maps on a surface; 
(v) to enumerate embeddings of a graph on a surface; 
( 


vi) > 


148 Linfan Mao: Smarandache Multi-Spaces Theory 


All the problems are extensively investigated by researches in the last century 
and papers related those problems are still frequently appearing in journals today. 
Then, 


what are their importance to classical mathematics? 


and 


what are their contributions to sciences? 


Today, we have found that combinatorial maps can contribute an underlying 
frame for applying mathematics to sciences, i.e., through by map geometries or by 


graphs in spaces. 


3.1.2. Smarandache geometries 


Smarandache geometries were proposed by Smarandache in [86] which are general- 
ization of classical geometries, i.e., these Euclid, Lobachevshy-Bolyai-Gauss and Rie- 
mann geometries may be united altogether in a same space, by some Smarandache 
geometries. These last geometries can be either partially Euclidean and partially 
Non-Euclidean, or Non-Euclidean. Smarandache geometries are also connected with 
the Relativity Theory because they include Riemann geometry in a subspace and 
with the Parallel Universes because they combine separate spaces into one space 
too. For a detail illustration, we need to consider classical geometries first. 


As we known, the axiom system of an Fuclid geometry is in the following: 


there is a straight line between any two points. 
a finite straight line can produce a infinite straight line continuously. 
any point and a distance can describe a circle. 
all right angles are equal to one another. 

A5) if a straight line falling on two straight lines make the interior angles 
on the same side less than two right angles, then the two straight lines, if produced 


indefinitely, meet on that side on which are the angles less than the two right angles. 


The axiom (A5) can be also replaced by: 


(A5’) given a line and a point exterior this line, there is one line parallel to 


this line. 
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The Lobachevshy-Bolyai-Gauss geometry, also called hyperbolic geometry, is a 
geometry with axioms (A1) — (A4) and the following axiom (L5): 


(L5) there are infinitely many lines parallel to a given line passing through an 


exterior point. 


The Riemann geometry, also called elliptic geometry, is a geometry with axioms 
(A1) — (A4) and the following axiom (R5): 


there is no parallel to a given line passing through an exterior point. 


By a thought of anti-mathematics: not in a nihilistic way, but in a positive 
one, i.e., banish the old concepts by some new ones: their opposites, Smarandache 
introduced thse paradoxist geometry, non-geometry, counter-projective geometry and 


anti-geometry in [86] by contradicts axioms (A1) — (A5) in an Euclid geometry. 


Paradoxist geometry 


In this geometry, its axioms consist of (A1) — (A4) and one of the following as the 
axiom (P5): 


(i) there are at least a straight line and a point exterior to it in this space for 
which any line that passes through the point intersect the initial line. 

(ii) there are at least a straight line and a point exterior to it in this space for 
which only one line passes through the point and does not intersect the initial line. 

(iii) there are at least a straight line and a point exterior to it in this space for 
which only a finite number of lines li, lo,-++, ly, k > 2 pass through the point and do 
not intersect the initial line. 

(iv) there are at least a straight line and a point exterior to it in this space for 
which an infinite number of lines pass through the point (but not all of them) and 
do not intersect the initial line. 

(v) there are at least a straight line and a point exterior to it in this space for 


which any line that passes through the point and does not intersect the initial line. 


Non-Geometry 


The non-geometry is a geometry by denial some axioms of (A1) — (A5), such as: 
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(A17) It is not always possible to draw a line from an arbitrary point to another 
arbitrary point. 

(A27) It is not always possible to extend by continuity a finite line to an infinite 
line. 

(A37) It is not always possible to draw a circle from an arbitrary point and of 
an arbitrary interval. 

(A4) not all the right angles are congruent. 

(A57) ifa line, cutting two other lines, forms the interior angles of the same 
side of it strictly less than two right angle, then not always the two lines extended 
towards infinite cut each other in the side where the angles are strictly less than two 


right angle. 


Counter-Projective geometry 


Denoted by P the point set, L the line set and R a relation included in P x L. A 


counter-projective geometry is a geometry with these counter-axioms (C1) — (C3): 


(C1) there exist: either at least two lines, or no line, that contains two given 
distinct points. 

(C2) let pi, p2,p3 be three non-collinear points, and q1,q2 two distinct points. 
Suppose that {p1.q1, p3} and {p2, q2, pa} are collinear triples. Then the line contain- 
ing pı, p2 and the line containing qi, q2 do not intersect. 


(C3) every line contains at most two distinct points. 


Anti-Geometry 


A geometry by denial some axioms of the Hilbert’s 21 axioms of Euclidean geometry. 
As shown in [38], there are at least 2?! — 1 anti-geometries. 


In general, Smarandache geometries are defined as follows. 


Definition 3.1.1 An axiom is said to be Smarandachely denied if the axiom behaves 
in at least two different ways within the same space, i.e., validated and invalided, or 
only invalided but in multiple distinct ways. 

A Smarandache geometry is a geometry which has at least one Smarandachely 
denied axiom(1969). 
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In a Smarandache geometries, points, lines, planes, spaces, triangles, ---, etc are 
called s-points, s-lines, s-planes, s-spaces, s-triangles, ---, respectively in order to 
distinguish them from classical geometries. An example of Smarandache geometries 


in the classical geometrical sense is in the following. 


Example 3.1.1 Let us consider an Euclidean plane R? and three non-collinear 
points A,B and C. Define s-points as all usual Euclidean points on R? and s-lines 
any Euclidean line that passes through one and only one of points A, B and C. Then 
this geometry is a Smarandache geometry because two axioms are Smarandachely 


denied comparing with an Euclid geometry: 


(i) The axiom (A5) that through a point exterior to a given line there is only 
one parallel passing through it is now replaced by two statements: one parallel, and 
no parallel. Let L be an s-line passes through C and is parallel in the euclidean 
sense to AB. Notice that through any s-point not lying on AB there is one s-line 
parallel to L and through any other s-point lying on AB there is no s-lines parallel 
to L such as those shown in Fig.3.2(a). 





C 
L 
D 
l; 
A B 
E 
l2 


(a) íb) 
Fig.3.2 


(ii) The axiom that through any two distinct points there exist one line passing 
through them is now replaced by; one s-line, and no s-line. Notice that through 
any two distinct s-points D, E collinear with one of A, B and C, there is one s-line 
passing through them and through any two distinct s-points F, GŒ lying on AB or 
non-collinear with one of A, B and C, there is no s-line passing through them such 
as those shown in Fig.3.2(b). 


3.1.3. Smarandache manifolds 


Generally, a Smarandache manifold is an n-dimensional manifold that support a 
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Smarandache geometry. For n = 2, a nice model for Smarandache geometries called 


s-manifolds was found by Iseri in [35][36], which is defined as follows: 


An s-manifold is any collection C(T,n) of these equilateral triangular disks 
T;,1<i<n satisfying the following conditions: 

(i) each edge e is the identification of at most two edges e;,e; in two distinct 
triangular disks T;,T;,1 <i, j <n andi Æj; 

(ii) each vertex v is the identification of one vertex in each of five, six or seven 


distinct triangular disks. 


The vertices are classified by the number of the disks around them. A vertex 
around five, six or seven triangular disks is called an elliptic vertex, an euclidean 
vertex or a hyperbolic vertex, respectively. 

In a plane, an elliptic vertex O, an euclidean vertex P and a hyperbolic ver- 
tex Q and an s-line Lı, Ly or L3 passes through points O, P or Q are shown in 


Fig.3.3(a), (b), (c), respectively. 





Smarandache paradoxist geometries and non-geometries can be realized by s- 
manifolds, but other Smarandache geometries can be only partly realized by this 
kind of manifolds. Readers are inferred to Iseri’s book [35] for those geometries. 

An s-manifold is called closed if each edge is shared exactly by two triangular 
disks. An elementary classification for closed s-manifolds by triangulation were 
introduced in [56]. They are classified into 7 classes. Each of those classes is defined 


in the following. 


Classical Type: 


(1) A, = {5 — regular triangular maps} (elliptic); 


(2) A = {6 — regular triangular maps} (euclidean); 
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(3) A; = {7 — regular triangular maps}(hyperbolic). 


Smarandache Type: 


(4) Ay = {triangular maps with vertex valency 5 and 6} (euclid-elliptic); 
(5) As = {triangular maps with vertex valency 5 and 7} (elliptic-hyperbolic); 
(6) Ag = {triangular maps with vertex valency 6 and 7} (euclid-hyperbolic); 
(7) Az = {triangular maps with vertex valency 5,6 and 7} (mized). 


It is proved in [56] that |A;| = 2, |As| > 2 and |A;|,7 = 2,3, 4,6, 7 are infinite. 
Iseri proposed a question in [35]: Do the other closed 2-manifolds correspond to s- 
manifolds with only hyperbolic vertices? Since there are infinite Hurwitz maps, i.e., 


|A3] is infinite, the answer is affirmative. 


§3.2 Map Geometries without Boundary 


A combinatorial map can be also used to construct new models for Smarandache 
geometries. By a geometrical view, these models are generalizations of Isier’s model 
for Smarandache geometries. For a given map on a locally orientable surface, map 


geometries without boundary are defined in the following definition. 


Definition 3.2.1 For a combinatorial map M with each vertex valency> 3, asso- 
ciates a real number u(u), 0 < ulu) < TENE to each verter u,u E€ V(M). Call 
(M, 1) a map geometry without boundary, u(u) an angle factor of the vertex u and 


orientablle or non-orientable if M is orientable or not. 


The realization for vertices u,v,w € V(M) in a space R? is shown in Fig.3.4, 
where py(u)u(u) < 2a for the vertex u, pm(v)u(v) = 2r for the vertex v and 


pm(w)ulw) > 2r for the vertex w, respectively. 





pm (u)u(u) = 27 pu(u)u(u) > 27 
Fig.3.4 
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As we have pointed out in Section 3.1, this kind of realization is not a surface, 
but it is homeomorphic to a locally orientable surface by a view of topological 
equivalence. Similar to s-manifolds, we also classify points in a map geometry 
(M, u) without boundary into elliptic points, euclidean points and hyperbolic points, 


defined in the next definition. 


Definition 3.2.2 A pointu in a map geometry (M, u) is said to be elliptic, euclidean 
or hyperbolic if pw(u)u(u) < 27, pmlu)ulu) = 27 or pmlu)ulu) > 2r. 


Then we get the following results. 
Theorem 3.2.1 Let M be a map with Vu E€ V(M),pu(u) > 3. Then for Vu € 


V(M), there is a map geometry (M, u) without boundary such that u is elliptic, 


euclidean or hyperbolic. 


Proof Since py(u) > 3, we can choose an angle factor ju(w) such that (u)py(u) < 
2r, u(u)py(u) = 2r or p(u)py(u) > 27. Notice that 





20 P 4T 
pu(u) pulu) 
Thereby we can always choose u(u) satisfying that 0 < p(u) < TOL ' 


Theorem 3.2.2 Let M be a map of order> 3 and Yu € V(M), pm(u) > 3. Then 
there exists a map geometry (M, u) without boundary in which elliptic, euclidean 


and hyperbolic points appear simultaneously. 


Proof According to Theorem 3.2.1, we can always choose an angle factor ju 
such that a vertex u,u € V(M) to be elliptic, or euclidean, or hyperbolic. Since 
|\V(M)| > 3, we can even choose the angle factor u such that any two different 
vertices v,w E€ V(M)\{u} to be elliptic, or euclidean, or hyperbolic as we wish. 
Then the map geometry (M, u) makes the assertion hold. i 

A geodesicin a manifold is a curve as straight as possible. Applying conceptions 
such as angles and straight lines in an Euclid geometry, we define m-lines and m- 


points in a map geometry in the next definition. 


Definition 3.2.3 Let (M, u) be a map geometry without boundary and let S(M) be 


the locally orientable surface represented by a plane polygon on which M is embedded. 
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A point P on S(M) is called an m-point. A line L on S(M) is called an m-line if 
it is straight in each face of M and each angle on L has measure pm julo) when it 


passes through a verter v on M. 


Two examples for m-lines on the torus are shown in the Fig.3.5(a) and (b), 


where M = M(B2), (u) = § for the vertex u in (a) and 


_ 135 — arctan(2) 


for the vertex u in (b), i.e., u is euclidean in (a) but elliptic in (b). Notice that in 


(b), the m-line Ly is self-intersected. 





Fig.3.5 


If an m-line passes through an elliptic point or a hyperbolic point u, it must has 


an angle wluona (a) with the entering line, not 180° which are explained in Fig.3.6. 


Lo 


(b) 





u(u)pm (u) > 7 


a= 2 


Fig.3.6 


In an Euclid geometry, aright angle is an angle with measure 4, half of a straight 
angle and parallel lines are straight lines never intersecting. They are very important 


research objects. Many theorems characterize properties of them in classical Euclid 
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geometry. 


In a map geometry, we can also define a straight angle, a right angle and 
parallel m-lines by Definition 3.2.2. Now a straight angle is an angle with measure 7 
for points not being vertices of M and pu (uulu) for Vu € V(M). A right angle is an 
angle with a half measure of a straight angle. Two m-lines are said parallel if they 
are never intersecting. The following result asserts that map geometries without 


boundary are paradoxist geometries. 


Theorem 3.2.3 For a map M on a locally orientable surface with |M| > 3 and 
pu(u) > 3 for Vu E€ V(M), there exists an angle factor u such that (M, u) is a 
Smarandache geometry by denial the axiom (A5) with these axioms (A5),(L5) and 
(R5). 


Proof According to Theorem 3.2.1, we know that there exists an angle factor 
u such that there are elliptic vertices, euclidean vertices and hyperbolic vertices 
in (M, u) simultaneously. The proof is divided into three cases according to M is 
planar, orientable or non-orientable. Not loss of generality, we assume that an angle 
is measured along a clockwise direction, i.e., as these cases in Fig.3.6 for an m-line 


passing through an elliptic point or a hyperbolic point. 


Case 1. M is a planar map 


Notice that for a given line L not intersection with the map M and a point u in 
(M, u), if wis an euclidean point, then there is one and only one line passing through 
u not intersecting with L, and if u is an elliptic point, then there are infinite lines 
passing through u not intersecting with L, but if u is a hyperbolic point, then each 
line passing through u will intersect with L. See also in Fig.3.7, where the planar 
graph is a complete graph kK, and points 1, 2 are elliptic, the point 3 is euclidean but 
the point 4 is hyperbolic. Then all m-lines in the field A do not intersect with L and 
each m-line passing through the point 4 will intersect with the line L. Therefore, 
(M, u) is a Smarandache geometry by denial the axiom (A5) with these axioms (A5), 
(L5) and (R5). 
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Case 2. M is an orientable map 


According to the classification theorem of compact surfaces, We only need to 
prove this result for a torus. Notice that m-lines on a torus has the following property 
(see [82] for details): 


If the slope s of an m-line L is a rational number, then L is a closed line on 
the torus. Otherwise, L is infinite, and moreover L passes arbitrarily close to every 


point on the torus. 


Whence, if Ly is an m-line on a torus with an irrational slope not passing 
through an elliptic or a hyperbolic point, then for any point u exterior to L4, if u is 
an euclidean point, then there is only one m-line passing through u not intersecting 
with Lı, and if u is elliptic or hyperbolic, any m-line passing through u will intersect 
with Ly. 


Now let Lə be an m-line on the torus with an rational slope not passing through 
an elliptic or a hyperbolic point, such as the m-line Lə in Fig.3.8, v is an euclidean 
point. If u is an euclidean point, then each m-line L passing through u with rational 
slope in the area A will not intersect with Lə but each m-line passing through u 


with irrational slope in the area A will intersect with Lə. 
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Fig.3.8 


Therefore, (M, p) is a Smarandache geometry by denial the axiom (A5) with axioms 
(A5),(L5) and (R5) in this case. 


Case 3. M is a non-orientable map 


Similar to the Case 2, we only need to prove this result for the projective plane. 
An m-line in a projective plane is shown in Fig.3.9(a), (b) or (c), in where case (a) is 
an m-line passing through an euclidean point, (b) passing through an elliptic point 


and (c) passing through an hyperbolic point. 


1 





(a) w (c) 


Fig.3.9 


Now let L be an m-line passing through the center in the circle. Then if u is 
an euclidean point, there is only one m-line passing through u such as the case (a) 
in Fig.3.10. If v is an elliptic point then there is an m-line passing through it and 
intersecting with L such as the case (b) in Fig.3.10. We assume the point 1 is a 
point such that there exists an m-line passing through 1 and 0, then any m-line in 
the shade of Fig.3.10(b) passing through v will intersect with L. 
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Li 1 
(b) Cc) 





Fig.3.10 


If w is an euclidean point and there is an m-line passing through it not in- 
tersecting with L such as the case (c) in Fig.3.10, then any m-line in the shade of 
Fig.3.10(c) passing through w will not intersect with L. Since the position of the 
vertices of a map M on a projective plane can be choose as our wish, we know (M, u) 
is a Smarandache geometry by denial the axiom (A5) with axioms (A5),(L5) and 
(R5). 

Combining these discussions of Cases 1,2 and 3, the proof is complete. p. 

Similar to Iseri’s s-manifolds, among map geometries without boundary there 


are non-geometries, anti-geometries and counter-projective geometries, ---, etc.. 


Theorem 3.2.4 There are non-geometries in map geometries without boundary. 


Proof We prove there are map geometries without boundary satisfying axioms 
(Ay) —(As). Let (M, u) be such a map geometry with elliptic or hyperbolic points. 

(i) Assume u is an eulicdean point and v is an elliptic or hyperbolic point on 
(M,). Let L be an m-line passing through points u and v in an Euclid plane. 
Choose a point w in L after but nearly enough to v when we travel on L from u to 
v. Then there does not exist a line from u to w in the map geometry (M, u) since 
v is an elliptic or hyperbolic point. So the axiom (A; ) is true in (M, u). 

(ii) In a map geometry (M, u), an m-line maybe closed such as we have il- 
lustrated in the proof of Theorem 3.2.3. Choose any two points A, B on a closed 
m-line L in a map geometry. Then the m-line between A and B can not continuously 
extend to indefinite in (M, u). Whence the axiom (Az) is true in (M, p). 

(iii) An m-circle in a map geometry is defined to be a set of continuous points 
in which all points have a given distance to a given point. Let C be a m-circle in an 


Euclid plane. Choose an elliptic or a hyperbolic point A on C which enables us to 
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get a map geometry (M, u). Then C has a gap in A by definition of an elliptic or 
hyperbolic point. So the axiom (A; ) is true in a map geometry without boundary. 

(iv) By the definition of a right angle, we know that a right angle on an elliptic 
point can not equal to a right angle on a hyperbolic point. So the axiom (Aj) is 
held in a map geometry with elliptic or hyperbolic points. 

(v) The axiom (A; ) is true by Theorem 3.2.3. 

Combining these discussions of (i)-(v), we know that there are non-geometries 


in map geometries. This completes the proof. ' 


The Hilbert’s axiom system for an Euclid plane geometry consists five group 
axioms stated in the following, where we denote each group by a capital Roman 


numeral. 
I. Incidence 


I—1. For every two points A and B, there exists a line L that contains each of the 
points A and B. 

I—2. For every two points A and B, there exists no more than one line that contains 
each of the points A and B. 


I—3. There are at least two points on a line. There are at least three points not on 


a line. 
II. Betweenness 


II — 1. Ifa point B lies between points A and C, then the points A,B and C are 
distinct points of a line, and B also lies between C and A. 

II—2. For two points A and C, there always exists at least one point B on the line 
AC such that C lies between A and B. 

II —3. Of any three points on a line, there exists no more than one that lies between 
the other two. 

II — 4. Let A,B and C be three points that do not lie on a line, and let L be a 
line which does not meet any of the points A, B and C. If the line L passes through 
a point of the segment AB, it also passes through a point of the segment AC, or 
through a point of the segment BC. 


III. Congruence 
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III — 1. If Ay and Bı are two points on a line Ly, and Ag is a point on a line Lə 
then it is always possible to find a point Bz on a given side of the line Lz through 
A> such that the segment A,B, is congruent to the segment AB». 

III —2. Ifa segment A,B, and a segment A> Bə are congruent to the segment AB, 
then the segment A,B, is also congruent to the segment As Bo. 

III —3. On the line L, let AB and BC be two segments which except for B have 
no point in common. Furthermore, on the same or on another line Li, let A,B, 
and B,C, be two segments, which except for Bı also have no point in common. In 
that case, if AB is congruent to A,B, and BC is congruent to B,C,, then AC is 
congruent to A,C\. 

III — 4. Every angle can be copied on a given side of a given ray in a uniquely 
determined way. 

III —5 [If for two triangles ABC and A,B,C, AB is congruent to A,B,, AC is 
congruent to AyC, and ZBAC is congruent to 2B,A,C, then ZABC is congruent 
to LA, B,C. 


IV. Parallels 


IV —1. There is at most one line passes through a point P exterior a line L that is 


parallel to L. 
V. Continuity 


V —1(Archimedes) Let AB and CD be two line segments with |AB| > |CD|. Then 


there is an integer m such that 


m|CD| < |AB| < (m+1)|CDI. 


V — 2(Cantor) Let A1 B1, A2Bo,---,AnBn,--- be a segment sequence on a line L. 
If 


A,B, D> A&B D -D Ay,Bn D---, 


then there exists a common point X on each line segment A,B, for any integer 
n,n >l. 
Smarandache defined an anti-geometries by denial some axioms of Hilbert axiom 


system for an Euclid geometry. Similar to the discussion in the reference [35], We 
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obtain the following result for anti-geometries in map geometries without boundary. 


Theorem 3.2.5 Unless axioms I — 3, II — 3, III — 2, V — 1 and V — 2, an 
anti-geometry can be gotten from map geometries without boundary by denial other 


axioms in Hilbert axiom system. 


Proof The axiom J — 1 has been denied in the proof of Theorem 3.2.4. Since 
there maybe exists more than one line passing through two points A and B in a 
map geometry with elliptic or hyperbolic points u such as those shown in Fig.3.11. 


So the axiom JI — 2 can be Smarandachely denied. 





Fig.3.11 


Notice that an m-line maybe has self-intersection points in a map geometry 
without boundary. So the axiom JJ — 1 can be denied. By the proof of Theorem 
3.2.4, we know that for two points A and B, an m-line passing through A and B 
may not exist. Whence, the axiom IJ — 2 can be denied. For the axiom II — 4, see 
Fig.3.12, in where v is a non-euclidean point such that py(v)u(v) > 2(a + ZACB) 


in a map geometry. 


Fig.3.12 


So II — 4 can be also denied. Notice that an m-line maybe has self-intersection 
points. There are maybe more than one m-lines passing through two given points 
A,B. Therefore, the axioms IJI — 1 and III — 3 are deniable. For denial the 
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axiom JII — 4, since an elliptic point u can be measured at most by a number 
pmlwulu) < 7, i.e., there is a limitation for an elliptic point u. Whence, an angle 


with measure bigger than pm luulu) can not be copied on an elliptic point on a given 
ray. 

Because there are maybe more than one m-lines passing through two given 
points A and B in a map geometry without boundary, the axiom JII — 5 can be 
Smarandachely denied in general such as those shown in Fig.3.13(a) and (b) where 


u is an elliptic point. 


Ay Ci 


(a) íb) 
Fig.3.13 


For the parallel axiom IV — 1, it has been denied by the proofs of Theorems 
3.2.3 and 3.2.4. 

Notice that axioms I — 3, JJ — 3 III — 2, V — 1 and V — 2 can not be denied 
in a map geometry without boundary. This completes the proof. ' 


For counter-projective geometries, we have a result as in the following. 


Theorem 3.2.6 Unless the axiom (C3), a counter-projective geometry can be gotten 


from map geometries without boundary by denial axioms (C1) and (C2). 


Proof Notice that axioms (C1) and (C2) have been denied in the proof of 
Theorem 3.2.5. Since a map is embedded on a locally orientable surface, every m- 
line in a map geometry without boundary may contains infinite points. Therefore 


the axiom (C3) can not be Smarandachely denied. h 


$83.3 Map Geometries with Boundary 


A Poincaré’s model for a hyperbolic geometry is an upper half-plane in which lines 
are upper half-circles with center on the x-axis or upper straight lines perpendicular 


to the x-axis such as those shown in Fig.3.14. 
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Li L2 


S ANN. 


Fig.3.14 


If we think that all infinite points are the same, then a Poincaré’s model for 
a hyperbolic geometry is turned to a Klein model for a hyperbolic geometry which 
uses a boundary circle and lines are straight line segment in this circle, such as those 


shown in Fig.3.15. 





Fig.3.15 


By a combinatorial map view, a Klein’s model is nothing but a one face map 
geometry. This fact hints us to introduce map geometries with boundary, which is 


defined in the next definition. 


Definition 3.3.1 For a map geometry (M, u) without boundary and faces fi, fo,---, fi 
€ F(M),1 < l < ọ(M)— 1, if S(M) \ {fi; fo,---, Jı} is connected, then call 
(M, u) = (S(M) \ {fi f2: fiju) a map geometry with boundary fi, f2:++, fi 
and orientable or not if (M, 1) is orientable or not, where S(M) denotes the locally 


orientable surface on which M is embedded. 


The m-points and m-lines in a map geometry (M, u)! are defined as same 
as Definition 3.2.3 by adding an m-line terminated at the boundary of this map 
geometry. Two m--lines on the torus and projective plane are shown in these 
Fig.3.16 and Fig.3.17, where the shade field denotes the boundary. 
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Fig.3.17 


All map geometries with boundary are also Smarandache geometries which is 


convince by a result in the following. 


Theorem 3.3.1 For a map M on a locally orientable surface with order> 3, vertex 
valency> 3 and a face f € F(M), there is an angle factor u such that (M,)~+ is a 
Smarandache geometry by denial the axiom (A5) with these axioms (A5),(L5) and 
(R5). 


Proof Similar to the proof of Theorem 3.2.3, we consider a map M being a 
planar map, an orientable map on a torus or a non-orientable map on a projective 
plane, respectively. We can get the assertion. In fact, by applying the property that 
m-lines in a map geometry with boundary are terminated at the boundary, we can 
get an more simpler proof for this theorem. i 

Notice that in a one face map geometry (M, u)~t with boundary is just a Klein’s 
model for hyperbolic geometry if we choose all points being euclidean. 

Similar to map geometries without boundary, we can also get non-geometries, 


anti-geometries and counter-projective geometries from map geometries with bound- 
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ary. 
Theorem 3.3.2 There are non-geometries in map geometries with boundary. 


Proof The proof is similar to the proof of Theorem 3.2.4 for map geometries 
without boundary. Each of axioms (A; ) — (Az) is hold, for example, cases (a) — (e) 
in Fig.3.18, 





Fig.3.18 


in where there are no an m-line from points A to B in (a), the line AB can not be 
continuously extended to indefinite in (b), the circle has gap in (c), a right angle at 
an euclidean point v is not equal to a right angle at an elliptic point u in (d) and 
there are infinite m-lines passing through a point P not intersecting with the m-line 


Lin (e). Whence, there are non-geometries in map geometries with boundary. ' 


Theorem 3.3.3 Unless axioms I — 3, II — 3 III — 2, V — 1 and V — 2 in the 
Hilbert’s axiom system for an Euclid geometry, an anti-geometry can be gotten from 


map geometries with boundary by denial other axioms in this axiom system. 


Theorem 3.3.4 Unless the axiom (C3), a counter-projective geometry can be gotten 


from map geometries with boundary by denial axioms (C1) and (C2). 


Proof The proofs of Theorems 3.3.3 and 3.3.4 are similar to the proofs of 
Theorems 3.2.5 and 3.2.6. The reader is required to complete their proof. h 
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$3.4 The Enumeration of Map Geometries 
For classifying map geometries, the following definition is needed. 


Definition 3.4.1 Two map geometries (Mı, mı) and (Mz, u2) or (Mi, u) and 
(Mə, u2)! are said to be equivalent each other if there is a bijection 0 : Mı > Mo 
such that for Yu E€ V(M), @(u) is euclidean, elliptic or hyperbolic if and only if u is 


euclidean, elliptic or hyperbolic. 


A relation for the numbers of unrooted maps with map geometries is in the 


following result. 


Theorem 3.4.1 Let M be a set of non-isomorphic maps of ordern and with m faces. 
Then the number of map geometries without boundary is 3"|M| and the number of 


map geometries with one face being its boundary is 3}m| M]. 


Proof By the definition of equivalent map geometries, for a given map M € M, 
there are 3” map geometries without boundary and 3”m map geometries with one 
face being its boundary by Theorem 3.3.1. Whence, we get 3”|M| map geometries 
without boundary and 3"m|M| map geometries with one face being its boundary 
from M. j. 

We get an enumeration result for non-equivalent map geometries without bound- 


ary as follows. 


Theorem 3.4.2 The numbers n°? (T, g) and n (T, g) of non-equivalent orientable 


and non-orientable map geometries without boundary underlying a simple graph T 
by denial the axiom (A5) by (A5), (L5) or (R5) are 


gek TT waT] 


vEV (T) 


O 
Foje a EN a a 
n- (T, g) Aut ' 


and 


(0 — 13 y] (p(v)-1) 
vEV (T) 


N 
azs 


where B(T) = e(T)— v(T) + 1 is the Betti number of the graph T. 
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Proof Denote the set of non-isomorphic maps underlying the graph T on locally 
orientable surfaces by M(T) and the set of embeddings of the graph F on locally 
orientable surfaces by €(T). For a map M,M e M(T), there are aoa different 
map geometries without boundary by choice the angle factor u on a vertex u such 


that u is euclidean, elliptic or hyperbolic. From permutation groups, we know that 


Aut x (a) | = (AutT)u | MAT] = Aut ax), 


Therefore, we get that 


n° (T, g) 


E 3T 5 [Autr x (a) | 
[Autr x (a) MEMO) |[AutM]| 


ESU aE 5 | MAHT (0) 
MeEM(T) 








= eae 








Similarly, we can also get that 


git 
|Autl x (a) | 


(2°™ — 13" TT (ev) — 1)! 
veV(T) 


2|AutT| 


n` (T, g) [E~ T) 


This completes the proof. h 
For classifying map geometries with boundary, we get a result as in the follow- 


ing. 


Theorem 3.4.3 The numbers n? (T, —g), n™(T,—g) of non-equivalent orientable, 
non-orientable map geometries with one face being its boundary underlying a simple 
graph T by denial the axiom (A5) by (A5), (L5) or (R5) are respective 
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lea 


and 


200) = YIM 2d(gIP](x)) 
NT, =g) = Caa r)+1 — 1)! — ———“ |,- 
nT -o = Saar, (OO) +) TT (ole) vt AE ah 
where g[T]|(x) is the genus polynomial of the graph T, i.e., gE) = X gplTa* 
with g|] being the number of embeddings of T on the orientable surface of genus k. 
Proof Notice that v(M) — e(M) + ¢(M) = 2 — 29(M) for an orientable map 
M by the Euler-Poincaré formula. Similar to the proof of Theorem 3.4.2 with the 


same meaning for M(T), we know that 





o(M) 3M 
Op — = o(M)3i" 
re) Pan [Auta] 
= (2 +e) = ¥(P) = 29(M))3 
MEM(T) |AutM| 
= (tel) = vT) 2g(M)3™! 
7 MeM(D) |[AutM]| mem |AutM| 
_ tell) -ri))3™ [Aut x (a) | 
~  fAutl x (a) yf) [Aut] 
at ees a a 
Awl x (a) u&k (Aut 
_ E+N Auth) 
= aloe 
irl 
= M MAut x(a) 
|AutD| vie ) | 
(G(T) + 1)3"" git ym) 
ONT cee et reer koxlU 
ep a *~ Tawi oe ae 
S 2d(gIC|(2)) 
ea se A a 


veV(T) 
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by Theorem 3.4.1. 


Notice that n” (T, —g) = n? (T, —g)+n% (T, —g) and the number of re-embeddings 


an orientable map M on surfaces is 2°™) (see also [56] for details). We know that 


9B(M) x 3IMI6(M) 


n*(T, -g) = 
MEMC) |[AutM]| 
= PDOT, g). 
Whence, we get that 
Al 9) S T) 
a = 130 2d(glL|(x)) 
DE Se E E EAE 
Jaa COD TL (ote) — A el 


This completes the proof. i 


83.5 Remarks and Open Problems 


3.5.1 A complete Hilbert axiom system for an Euclid geometry contains axioms 
I—i,1<i<8; II-j,1<j<4; II -—k,1<k<5;IV—1andV-l,1<l<2, 
which can be also applied to the geometry of space. Unless J — i,4 < i < 8, other 
axioms are presented in Section 3.2. Each of axioms J — i,4 < i < 8 is described in 


the following. 


I—4 For three non-collinear points A,B and C, there is one and only one plane 
passing through them. 

I—5 Each plane has at least one point. 

I—6 If two points A and B of a line L are in a plane ẹ, then every point of L is 
in the plane >>. 

I-—7 If two planes >, and Xoo have a common point A, then they have another 
common point B. 


I-—8 There are at least four points not in one plane. 


By the Hilbert’s axiom system, the following result for parallel planes can be 


obtained. 
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(T) Passing through a given point A exterior to a given plane > there is one 


and only one plane parallel to >>. 


This result seems like the Euclid’s fifth axiom. Similar to the Smarandache’s 
notion, we present problems by denial this theorem for the geometry of space as 


follows. 


Problem 3.5.1 Construct a geometry of space by denial the parallel theorem of 


planes with 


(TI ) there are at least a plane X and a point A exterior to the plane > such 
that no parallel plane to >> passing through the point A. 

(T; ) there are at least a plane X and a point A exterior to the plane > such 
that there are finite parallel planes to > passing through the point A. 

(T;) there are at least a plane > and a point A exterior to the plane > such 
that there are infinite parallel planes to >> passing through the point A. 


Problem 3.5.2 Similar to the Iseri’s idea define an elliptic, euclidean, or hyperbolic 
point or plane in RÌ and apply these Plato polyhedrons to construct Smarandache 


geometries of a space R. 


Problem 3.5.3 Similar to map geometries define graph in a space geometries and 


apply graphs in R? to construct Smarandache geometries of a space R®. 


Problem 3.5.4 For an integer n,n > 4, define Smarandache geometries in R” by 


denial some axioms for an Euclid geometry in R” and construct them. 


3.5.2 The terminology map geometry was first appeared in [55] which enables us to 
find non-homogenous spaces from already known homogenous spaces and is also a 
typical example for application combinatorial maps to metric geometries. Among 
them there are many problems not solved yet until today. Here we would like to 


describe some of them. 


Problem 3.5.5 For a given graph G, determine non-equivalent map geometries 
with an underlying graph G, particularly, for graphs K,, K(m,n),m,n > 4 and 


enumerate them. 
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Problem 3.5.6 For a given locally orientable surface S, determine non-equivalent 
map geometries on S, such as a sphere, a torus or a projective plane, --- and enu- 


merate them. 


Problem 3.5.7 Find characteristics for equivalent map geometries or establish new 


ways for classifying map geometries. 


Problem 3.5.8 Whether can we rebuilt an intrinsic geometry on surfaces, such as 


a sphere, a torus or a projective plane, ---, by map geometries? 


Chapter 4 Planar Map Geometries 


Fundamental elements in an Euclid geometry are those of points, lines, polygons 
and circles. For a map geometry, the situation is more complex since a point maybe 
an elliptic, euclidean or a hyperbolic point, a polygon maybe a line, ---, etc... This 
chapter concentrates on discussing fundamental elements and measures such as an- 
gle, area, curvature, ---, etc., also parallel bundles in planar map geometries, which 
can be seen as a first step for comprehending map geometries on surfaces. All ma- 
terials of this chapter will be used in Chapters 5-6 for establishing relations of an 
integral curve with a differential equation system in a pseudo-plane geometry and 


continuous phenomena with discrete phenomena 


84.1 Points in a Planar Map Geometry 


Points in a map geometry are classified into three classes: elliptic, euclidean and hy- 
perbolic. There are only finite non-euclidean points considered in Chapter 3 because 
we had only defined an elliptic, euclidean or a hyperbolic point on vertices of a map. 
In a planar map geometry, we can present an even more delicate consideration for 


euclidean or non-euclidean points and find infinite non-euclidean points in a plane. 


Let (M, u) be a planar map geometry on a plane >>. Choose vertices u,v € 
V(M). A mapping is called an angle function between u and v if there is a smooth 
monotone mapping f: >> — X such that f(u) = pm (uulu) and f(v) = pm ule) 
Not loss of generality, we can assume that each edge in a planar map geometry is 


an angle function. Then we know a result as in the following. 
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Theorem 4.1.1 A planar map geometry (M, u) has infinite non-euclidean points if 
and only if there is an edge e = (u,v) E E(M) such that py(u)u(u) 4 pu(v)u(v), 
or pu(u)u(u) is a constant but A 2r for Vu € V(M), or a loop (u,u) € E(M) 


attaching a non-euclidean point u. 


Proof If there is an edge e = (u,v) E€ E(M) such that pyy(u)u(u) Æ pys(v) u(r), 
then at least one of vertices u and v in (M, u) is non-euclidean. Not loss of generality, 
we assume the vertex u is non-euclidean. 

If u and v are elliptic or u is elliptic but v is euclidean, then by the definition of 
angle functions, the edge (u,v) is correspondent with an angle function f : > > > 
such that f(u) = pau (uC) and f(v) = a each points is non-euclidean in 
(u,v) \{v}. If u is elliptic but v is hyperbolic, i.e., pm (u)u(u) < 2r and pm (v)u(v) > 
27, since f is smooth and monotone on (u,v), there is one and only one point 2* 
in (u,v) such that f(x*) = a. Thereby there are infinite non-euclidean points on 
(u,v). 

Similar discussion can be gotten for the cases that u and v are both hyperbolic, 
or u is hyperbolic but v is euclidean, or u is hyperbolic but v is elliptic. 

If pmlu)u(u) is a constant but # 27 for Vu € V(M), then each point on an 
edges is a non-euclidean point. Thereby there are infinite non-euclidean points in 
(M, u). 

Now if there is a loop (u,u) € E(M) and u is non-eucliean, then by defini- 
tion, each point v on the loop (u, u) satisfying that f(v) > or < m according to 
pmlu)ulu) > a or < 7. Therefore there are also infinite non-euclidean points on the 
loop (u, u). 

On the other hand, if there are no an edge e = (u,v) € E(M) such that 
pu (uju(u) # pu(v)u(v), Le, prar(u)u(u) = pa(v)u(v) for V(u, v) € E(M), or there 
are no vertices u E€ V(M) such that pm(u)u(u) is a constant but 4 27 for V, or there 
are no loops (u, u) E€ E(M) with a non-eucliean point u, then all angle functions on 
these edges of M are an constant m. Therefore there are no non-euclidean points in 
the map geometry (M, u). This completes the proof. i 

For euclidean points in a planar map geometry (M, u), we get the following 


result. 


Theorem 4.1.2 For a planar map geometry (M, u) on a plane ©, 
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(i) every point in Y \E(M) is an euclidean point; 


(ii) there are infinite euclidean points on M if and only if there exists an edge 
(u,v) E E(M) (u =v oru Fv) such that u and v are both euclidean. 


Proof By the definition of angle functions, we know that every point is euclidean 


if it is not on M. So the assertion (i) is true. 


According to the proof of Theorem 4.1.1, there are only finite euclidean points 
unless there is an edge (u,v) € E(M) with py(u)u(u) = pu(v)u(v) = 27. In this 
case, there are infinite euclidean points on the edge (u,v). Thereby the assertion 
(iz) is also holds. ' 


According to Theorems 4.1.1 and 4.1.2, we classify edges in a planar map ge- 


ometry (M, u) into six classes as follows. 


C} (euclidean-elliptic edges): edges (u,v) € E(M) with py(u)u(u) = 27 
but pu(v)u(v) < 27. 

C} (euclidean-euclidean edges): edges (u,v) € E(M) with pm(u)ulu) = 27 
and pm(v)ulv) = 2r. 

C} (euclidean-hyperbolic edges): edges (u,v) € E(M) with py(u)u(u) = 
2r but pmlv)ulv) > 2r. 

C$ (elliptic-elliptic edges): edges (u,v) € E(M) with py(u)u(u) < 2r and 
pm(v)u(v) < 2r. 

CÌ, (elliptic-hyperbolic edges): edges (u,v) € E(M) with pml(u)ulu) < 27r 
but pm(v)ulv) > 2r. 

C$ (hyperbolic-hyperbolic edges): edges (u,v) € E(M) with pyy(u)u(u) > 
2r and py(v)u(v) > 2r. 


In Fig.4.1(a) — (f), these m-lines passing through an edge in one of classes of 
CŁ-C$, are shown, where u is elliptic and v is eucildean in (a), u and v are both 
euclidean in (b), u is eucildean but v is hyperbolic in (c), u and v are both elliptic 
in (d), u is elliptic but v is hyperbolic in (e) and u and v are both hyperbolic in (f), 


respectively. 
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Fig.4.1 


Denote by Val M), Veu(Z) and Vhy( M) the respective sets of elliptic, euclidean 
and hyperbolic points in V(M) in a planar map geometry (M, u). Then we get a 


result as in the following. 


Theorem 4.1.3 Let (M, u) be a planar map geometry. Then 


2, pmlu)+ J, pmo)t+ > pu(w) = 29 [Cz 


ueVai(M) v€Veu(M) weVny(M) 
and 
6 r 
(Val M)| + |Veu(M)| + |Vay(M)| + 6(M) = X |Cgl + 2. 
i=l 


where (M) denotes the number of faces of a map M. 


Proof Notice that 


6 
|[V(M)| = |Va(M)| + |Veu(M)| + |Viy(M)| and |E(M)| = X |C 
i=l 
for a planar map geometry (M, u). By two well-known results 


> em(v) = 2|E(M)| and |V(M)| —|E(M)| + ¢(M) = 2 


veEV(M) 
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for a planar map M, we know that 


D mt E m+ E paw) = 230 Ch 


u€Ve1(M) ve Veu(M) wEVny(M) 


and 


[Vei(M)| + |Veu(M)| + |Vay(M)| + (M) =X Chl +2. h 


i=1 
§4.2 Lines in a Planar Map Geometry 


The situation of m-lines in a planar map geometry (M, p) is more complex. Here 
an m-line maybe open or closed, with or without self-intersections in a plane. We 


discuss all of these m-lines and their behaviors in this section, . 


4.2.1. Lines in a planar map geometry 


As we have seen in Chapter 3, m-lines in a planar map geometry (M, u) can be 


classified into three classes. 


C} (opened lines without self-intersections): m-lines in (M, u) have an 
infinite number of continuous m-points without self-intersections and endpoints and 


may be extended indefinitely in both directions. 


C? (opened lines with self-intersections): m-lines in (M, u) have an infi- 
nite number of continuous m-points and self-intersections but without endpoints and 


may be extended indefinitely in both directions. 


CÌ (closed lines): m-lines in (M, u) have an infinite number of continuous 
m-points and will come back to the initial point as we travel along any one of these 


m-lines starting at an initial point. 


By this classification, a straight line in an Euclid plane is nothing but an opened 
m-line without non-euclidean points. Certainly, m-lines in a planar map geometry 
(M, 4) maybe contain non-euclidean points. In Fig.4.2, these m-lines shown in 
(a),(b) and (c) are opened m-line without self-intersections, opened m-line with 
a self-intersection and closed m-line with A,B,C,D and E non-euclidean points, 


respectively. 
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Notice that a closed m-line in a planar map geometry maybe also has self- 
intersections. A closed m-line is said to be simply closedif it has no self-intersections, 
such as the m-line in Fig.4.2(c). For simply closed m-lines, we know the following 


result. 


Theorem 4.2.1 Let (M,,) be a planar map geometry. An m-line L in (M, u) 


passing through n non-euclidean points x1, %9,°++,%y is simply closed if and only if 


> f (wi) = (n — 2)r, 
i=1 
where f(x;) denotes the angle function value at an m-point x1 <i<n. 


Proof By results in an Euclid geometry of plane, we know that the angle sum of 
an n-polygon is (n — 2)r. In a planar map geometry (M, u), a simply closed m-line 
L passing through n non-euclidean points £1, £2,- , £n is nothing but an n-polygon 


with vertices £1, £2,--, £n. Whence, we get that 


n 


X f (ai) = (n — 2)r. 


i=1 


Now if a simply m-line L passing through n non-euclidean points £1, £2,- , Ln 
with 
Ye FG) = (n — 2)r 
i=1 
held, then L is nothing but an n-polygon with vertices £1, £2,*--, £n. Therefore, L 
is simply closed. b 


By applying Theorem 4.2.1, we can also find conditions for an opened m-line 


with or without self-intersections. 
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Theorem 4.2.2 Let (M, 1) be a planar map geometry. An m-line L in (M, u) pass- 
ing through n non-euclidean points %1,%2,°++,X£n is opened without self-intersections 


if and only if m-line segments x;%j44,1 <i < n—1 are not intersect two by two and 


n 


> fla) 2 (n— 1)r. 


i=1 

Proof By the Euclid’s fifth postulate for a plane geometry, two straight lines 

will meet on the side on which the angles less than two right angles if we extend 
them to indefinitely. Now for an m-line L in a planar map geometry (M, u), if it 
is opened without self-intersections, then for any integer 7,1 < i < n — 1, m-line 
segments 7;2;41 will not intersect two by two and the m-line L will also not intersect 


before it enters x, or leaves x. 


¥n-1 Xy-2 
Fig.4.3 


Now look at Fig.4.3, in where line segment 2,2, is an added auxiliary m-line 


segment. We know that 


L1 + L2 = f(a) and L3 + 24 = f (£n). 
According to Theorem 4.2.1 and the Euclid’s fifth postulate, we know that 


2+ + © fle) = (n — 2)r 


i=2 
and 
LI+L3 >T 
Therefore, we get that 


X f(z) = (n — 2)n + /1 + 43 > (n — 1)r. h 


i=1 
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For opened m-lines with self-intersections, we know a result as in the following. 


Theorem 4.2.3 Let (M,y) be a planar map geometry. An m-line L in (M, u) 
passing through n non-euclidean points 71, %2,---,2, is opened only with l self- 
intersections if and only if there exist integers 7; and 5;,,1 <j < l with 1 < ij, Sij < 
n and i; A i if t A j such that 


Sij 


(si, — 2) < X F (tun) z (si, a 1)z. 
h=1 
Proof If an m-line L passing through m-points 2144, £t+2,***, Lt+s;, only has one 
self-intersection point, let us look at Fig.4.4 in where 7441245, is an added auxiliary 


m-line segment. 





We know that 


L1 + 22 = f(ai41) and 23+ 24 = f(zt15,). 


Similar to the proof of Theorem 4.2.2, by Theorem 4.2.1 and the Euclid’s fifth 
postulate, we know that 
st—1 


L2+L44+ $0 f(t) = (st — 2)r 


j=2 


and 


LI+ L3 < T. 


Whence, we get that 


(s;-—2)r < 55 Flt) < (st— 1r. 


j=1 
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Therefore, if L is opened only with l self-intersection points, we can find integers 
ij and si, 1 <j < l with 1 < ij, sij <n andi; 4% if t # j such that L passing 
through £i +1, %i;42,°*+,i;+s,; Only has one self-intersection point. By the previous 


discussion, we know that 


Si; 


(s; —2)m < 3 Ftna) < (si; — La. 


This completes the proof. ' 

Notice that all m-lines considered in this section are consisted by line segments 
or rays in an Euclid plane geometry. If the length of each line segment tends to 
zero, then we get a curve at the limitation in the usually sense. Whence, an m-line 
in a planar map geometry can be also seen as a discretization for plane curves and 
also has relation with differential equations. Readers interested in those materials 


can see in Chapter 5 for more details. 


4.2.2. Curvature of an m-line 


The curvature at a point of a curve C is a measure of how quickly the tangent 
vector changes direction with respect to the length of arc, such as those of the 
Gauss curvature, the Riemann curvature, ---, etc.. In Fig.4.5 we present a smooth 


curve and the changing of tangent vectors. 
Vv Vv 
5 te 4 6 





V4 


Fig.4.5 


To measure the changing of vector vı to v2, a simpler way is by the changing 
of the angle between vectors vı and və. If a curve C = f(s) is smooth, then the 


changing rate of the angle between two tangent vector with respect to the length of 


arc, i.e., a is continuous. For example, as we known in the differential geometry, 


the Gauss curvature at every point of a circle x? + y? = r? of radius r is L, Whence, 


the changing of the angle from vectors vı to v2 is 
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By results in an Euclid plane geometry, we know that 0 is also the angle between 
vectors vı and və. As we illustrated in Subsection 4.2.1, an m-line in a planar map 
geometry is consisted by line segments or rays. Therefore, the changing rate of the 
angle between two tangent vector with respect to the length of arc is not continuous. 
Similar to the definition of the set curvature in the reference [1], we present a discrete 


definition for the curvature of m-lines as follows. 


Definition 4.2.1 Let L be an m-line in a planar map geometry (M, u) with the set 
W of non-euclidean points. The curvature w(L) of L is defined by 


w(L) = >) (7 - œ(p)), 


pew 
where w(p) = f(p) if p is on an edge (u,v) in map M on a plane > with an angle 
function f: X >J. 


In the classical differential geometry, the Gauss mapping and the Gauss curva- 


ture on surfaces are defined as follows: 


Let S C R? be a surface with an orientation N. The mapping N : S — S? 


takes its value in the unit sphere 


S? = {(x,y,2) E Ria +y” + 2° = 1} 


along the orientation N. The map N : S — S?, thus defined, is called a Gauss 


mapping and the determinant of K(p) = dN, a Gauss curvature. 


We know that for a point p € S such that the Gaussian curvature K(p) 4 0 
and a connected neighborhood V of p with K does not change sign, 
_ N(A) 
K(p) = lim — >> 
where A is the area of a region B C V and N(A) is the area of the image of B by 
the Gauss mapping N : S > S?. 


The well-known Gauss-Bonnet theorem for a compact surface says that 
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| [Kao = 2nx(S), 


for any orientable compact surface S. 
For a simply closed m-line, we also have a result similar to the Gauss-Bonnet 


theorem, which can be also seen as a discrete Gauss-Bonnet theorem on a plane. 


Theorem 4.2.4 Let L be a simply closed m-line passing through n non-euclidean 


points £1, £2,**-, En in a planar map geometry (M, u). Then 
w(L) = 2r. 


Proof According to Theorem 4.2.1, we know that 


n 


> f(#i) = (n-— 2)r, 


i=1 
where f(x;) denotes the angle function value at an m-point z;,1 < i < n. Whence, 
by Definition 4.2.1 we know that 


n 


w(L) = Yr- fle) 


= mn — > f(a) 


= mm-—(n—2)n = 2r. ' 


Similarly, we get a result for the sum of curvatures on the planar map M in a 


planar geometry (M, u). 
Theorem 4.2.6 Let (M,u) be a planar map geometry. Then the sum w(M) of 
curvatures on edges in a map M is 
w(M) = 2rs(M), 
where s(M) denotes the sum of length of edges in M. 


Proof Notice that the sum w(u, v) of curvatures on an edge (u,v) of M is 


184 Linfan Mao: Smarandache Multi-Spaces Theory 


u 


w(u,v) = f(r -= f(s))ds = aI(u,0)| - j f(s)ds. 


Since M is a planar map, each of its edges appears just two times with an 


opposite direction. Whence, we get that 


w(M) = >o w(uv)t X wlv,u) 
(u,v)EE(M) (v,u)EE(M) 
=e NEDI EDD — Uf Aedd f l)a) 
= 27s(M) ' 


Notice that if we assume s(M) = 1, then Theorem 4.2.6 turns to the Gauss- 
bonnet theorem for a sphere. Similarly, if we consider general map geometry on an 
orientable surface, similar results can be also obtained such as those materials in 


Problem 4.7.8 and Conjecture 4.7.1 in the final section of this chapter. 


§4.3 Polygons in a Planar Map Geometry 


4.3.1. Existence 

In an Euclid plane geometry, we have encountered triangles, quadrilaterals, ---, and 
generally, n-polygons, i.e., these graphs on a plane with n straight line segments not 
on the same line connected with one after another. There are no 1 and 2-polygons 
in an Euclid plane geometry since every point is euclidean. The definition of n- 
polygons in a planar map geometry (M, u) is similar to that of an Euclid plane 


geometry. 


Definition 4.3.1 An n-polygon in a planar map geometry (M, u) is defined to be 
a graph on (M, u) with n m-line segments two by two without self-intersections and 


connected with one after another. 


Although their definition is similar, the situation is more complex in a planar 
map geometry (M, u). We have found a necessary and sufficient condition for 1- 
polygon in Theorem 4.2.1, i.e., 1-polygons maybe exist in a planar map geometry. 


In general, we can find n-polygons in a planar map geometry for any integer n,n > 1. 


Chapter 4 Planar Map Geometries 185 


Examples of polygon in a planar map geometry (M, u) are shown in Fig.4.6, 
in where (a) is a 1-polygon with u,v,w and t being non-euclidean points, (b) is a 
2-polygon with vertices A,B and non-euclidean points u,v, (c) is a triangle with 
vertices A, B,C and a non-euclidean point u and (d) is a quadrilateral with vertices 
A, B,C and D. 


u v i i A B 
w t vy $ u B C D 
(a) (b) íc) íd) 


Fig.4.6 


Theorem 4.3.1 There exists a 1-polygon in a planar map geometry (M, u) if and 


only if there are non-euclidean points u1, us,- -, u, with L> 3 such that 


where f(u;) denotes the angle function value at the point u, 1<i< l. 


Proof According to Theorem 4.2.1, an m-line passing through l non-euclidean 


points u1, Uz2,- -, u is simply closed if and only if 


i.e., 1-polygon exists in (M, u) if and only if there are non-euclidean points u1, U2, - ++, u 


with the above formula hold. 


Whence, we only need to prove l > 3. Since there are no 1-polygons or 2- 
polygons in an Euclid plane geometry, we must have l > 3 by the Hilbert’s axiom 
I —2. In fact, for | = 3 we can really find a planar map geometry (M, u) with a 
1-polygon passing through three non-euclidean points u,v and w. Look at Fig.4.7, 
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u 
Vv w 
Fig.4.7 
in where the angle function values are f(u) = f(v) = f(w) = 27 at u,v and w. ' 


Similarly, for 2-polygons we get the following result. 


Theorem 4.3.2 There are 2-polygons in a planar map geometry (M, u) only if there 


are at least one non-euclidean point in (M, p). 


Proof In fact, if there is a non-euclidean point u in (M, u), then each straight 


line enter u will turn an angle 6 = m — fe) or fu) — from the initial straight line 
dependent on that u is elliptic or hyperbolic. Therefore, we can get a 2-polygon in 
(M, u) by choice a straight line AB passing through euclidean points in (M, u), such 


as the graph shown in Fig.4.8. 





Fig.4.8 


This completes the proof. h 


For the existence of n-polygons with n > 3, we have a general result as in the 


following. 


Theorem 4.3.3 For any integer n,n > 3, there are n-polygons in a planar map 


geometry (M, u). 


Proof Since in an Euclid plane geometry, there are n-polygons for any integer 
n,n > 3. Therefore, there are also n-polygons in a planar map geometry (M, u) for 


any integer n,n > 3. h 
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4.3.2. Sum of internal angles 


For the sum of the internal angles in an n-polygon, we have the following result. 


Theorem 4.3.4 Let [[ be an n-polygon in a map geometry with its edges passing 


through non-euclidean points x1, £2,:--,x£ı. Then the sum of internal angles in J] is 


l 


(Pl —2)a => F(a), 


i=1 

where f(x) denotes the value of the angle function f at the point x;,1<i<. 
Proof Denote by U,V the sets of elliptic points and hyperbolic points in 

z1, £2,- <, 2, and |U| = p, |V| = q, respectively. If an m-line segment passes through 


an elliptic point u, add an auxiliary line segment AB in the plane as shown in 
Fig.4.9(1). Then we get that 


Za=/1+/l2=7- f(u). 


If an m-line passes through a hyperbolic point v, also add an auxiliary line 


segment AB in the plane as that shown in Fig.4.9(2). Then we get that 


angle b = angle3 + angle4 = f(v) — 7. 





Fig.4.9 
Since the sum of internal angles of an n-polygon in a plane is (n — 2) whenever 
it is a convex or concave polygon, we know that the sum of the internal angles in J] 


is 


(n= 20+ > r= f@) == 


xEeU yEV 
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= (n+p+q-2)r- >) f(z) 
= (n+l-2)r- >} f(z). 





This completes the proof. ' 

A triangle is called euclidean, elliptic or hyperbolic if its edges only pass through 
one kind of euclidean, elliptic or hyperbolic points. As a consequence of Theorem 
4.3.4, we get the sum of the internal angles of a triangle in a map geometry which 


is consistent with these already known results . 


Corollary 4.3.1 Let A be a triangle in a planar map geometry (M, u). Then 
(i) the sum of its internal angles is equal to m if A is euclidean; 
(ii) the sum of its internal angles is less than m if A is elliptic; 


(iii) the sum of its internal angles is more than m if A is hyperbolic. 
Proof Notice that the sum of internal angles of a triangle is 


l 


T+) (r — f(z:)) 


i=1 
if it passes through non-euclidean points 71, %2,---,2;. By definition, if these 7;,1 < 
i < l are one kind of euclidean, elliptic, or hyperbolic, then we have that f(x;) = 7, 
or f(a) <7, or f(x) > 7 for any integer i,1 <i <l. Whence, the sum of internal 
angles of an euclidean, elliptic or hyperbolic triangle is equal to, or lees than, or 


more than 7. h 


4.3.3. Area of a polygon 


As it is well-known, calculation for the area A(A) of a triangle A with two sides a, b 
and the value of their include angle 0 or three sides a,b and c in an Euclid plane is 


simple. Formulae for its area are 


A(A) = sab sin ð or A(A) = 1/s(s — a)(s — b)(s —c), 


where s = (a +b-+c). But in a planar map geometry, calculation for the area of 


a triangle is complex since each of its edge maybe contains non-euclidean points. 
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Where, we only present a programming for calculation the area of a triangle in a 


planar map geometry. 

STEP 1 Divide a triangle into triangles in an Euclid plane such that no edges 
contain non-euclidean points unless their endpoints; 

STEP 2 Calculate the area of each triangle; 


STEP 3 Sum up all of areas of these triangles to get the area of the given 


triangle in a planar map geometry. 


The simplest cases for triangle is the cases with only one non-euclidean point 
such as those shown in Fig.4.10(1) and (2) with an elliptic point u or with a hyper- 


bolic point v. 





Fig.4.10 


Add an auxiliary line segment AB in Fig.4.10. Then by formulae in the plane 


trigonometry, we know that 


A(AABC) = y sı(sı — a)(s1 — b)(s1 — t) + y s2(s2 — €)(S2 — d)(S2 — t) 


for case (1) in Fig.4.10 and 


A(AABC) = \/81(s1 — a) (sı — b) (sı — t) — y s2(52 — c) (s2 — d) (s2 — t) 
for case (2) in Fig.4.10, where 


t= 2 + — 2ed cos tE 


with z = u or v and 
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1 1 
s= z tb+t), S2 = (etd +t). 


Generally, let AABC be a triangle with its edge AB passing through p elliptic 


or p hyperbolic points x1, %2,---,2, simultaneously, as those shown in Fig.4.11(1) 
and (2). 





(1) 


Fig.4.11 


Where |AC| = a, |BC| = b and |Azi| = c1, |x122| = c2,- , |£p-1£p| = Cp and 
|zpB| = cĉp}ı. Adding auxiliary line segments Axo, Av3,---, Azp, AB in Fig.4.11, 
then we can find its area by the programming STEP 1 to STEP 3. By formulae in 
the plane trigonometry, we get that 





| Ax2| = 4/c? + cĉ — 2c1c2 cos 


2 2 2 
1 & — c — |Azx| 
LAx2x1 = cos 4—2 











2c2|Azə| i 
LALX3 = Tes) — LÅT or 2r — n — LÅT321, 
|Ax3| = 4\/ |Az2|2 + c3 — 2|Arelc3 cos( HE — LÅTə273), 
Ar|? —  — |Azx3|? 
L3 T2 COS  -Qe3)Ars| 
LÅT3£3 = a — LAxr3%q or 2T — Hes) — LAX3%Xo, 
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and generally, we get that 


|AB| = y | Azp]? + y1 — 2|A£p|Cp+1 cos ZAz,B. 


Then the area of the triangle AABC is 


A(AABC) = Sp(Sp — @)(Sp — b) (sp — |AB|) 





F si(si — |Azxi|) (si — ci+1) (s; — |Azi+1]) 
i=l 


N 


for case (1) in Fig.4.11 and 





— So ysilsi — |Az:|) (si — ci41)(8i — |Azi1]) 


i=1 


for case (2) in Fig.4.11, where for any integer i, 1 <i < p—1, 


1 
Si = 5 (lAail + Gi + |Ari41|) 


and 


1 
sp = 5(a + b+ |AB)). 
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Certainly, this programming can be also applied to calculate the area of an 


n-polygon in a planar map geometry in general. 


§4.4 Circles in a Planar Map Geometry 


The length of an m-line segment in a planar map geometry is defined in the following 


definition. 


Definition 4.4.1 The length |AB| of an m-line segment AB consisted by k straight 
line segments AC, C1C2, C2C3,---,C,_1B in a planar map geometry (M, u) is de- 


fined by 
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|AB| = |AC,| + |C1C2| + |C2C3] +--+ + |Ce-1BI. 


As that shown in Chapter 3, there are not always exist a circle with any center 
and a given radius in a planar map geometry in the sense of the Euclid’s definition. 
Since we have introduced angle function on a planar map geometry, we can likewise 
the Euclid’s definition to define an m-circle in a planar map geometry in the next 


definition. 


Definition 4.4.2 A closed curve C without self-intersection in a planar map geom- 
etry (M, u) is called an m-circle if there exists an m-point O in (M, u) and a real 


number r such that |OP| =r for each m-point P on C. 


Two Examples for m-circles in a planar map geometry (M, u) are shown in 
Fig.4.12(1) and (2). The m-circle in Fig.4.12(1) is a circle in the Euclid’s sense, but 
(2) is not. Notice that in Fig.4.12(2), m-points u and v are elliptic and the length 
|OQ| = |Ou| + |uQ| = r for an m-point Q on the m-circle C, which seems likely an 
ellipse but it is not. The m-circle C in Fig.4.12(2) also implied that m-circles are 


more complex than those in an Euclid plane geometry. 


(1) (2) 


Fig.4.12 


We have a necessary and sufficient condition for the existence of an m-circle in 


a planar map geometry. 


Theorem 4.4.1 Let (M,) be a planar map geometry on a plane > and O an 
m-point on (M, u). For a real number r, there is an m-circle of radius r with center 
O if and only if O is in a non-outer face of M or O is in the outer face of M but 
for any e,r > € > 0, the initial and final intersection points of a circle of radius € 


with M in an Euclid plane X, are euclidean points. 
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Proof If there is a solitary non-euclidean point A with |OA| < r, then by those 
materials in Chapter 3, there are no m-circles in (M, u) of radius r with center O. 

Now if O is in the outer face of M but there exists a number e,r > € > 0 such 
that one of the initial and final intersection points of a circle of radius e with M 
on >> is non-euclidean point, then points with distance r to O in (M, u) at least 
has a gap in a circle with an Euclid sense. See Fig.4.13 for details, in where u is a 
non-euclidean point and the shade field denotes the map M. Therefore there are no 


m-circles in (M, u) of radius r with center O. 





Fig.4.13 


Now if O in the outer face of M but for any e,r > e > 0, the initial and final 
intersection points of a circle of radius e with M on } are euclidean points or O is 
in a non-outer face of M, then by the definition of angle functions, we know that 
all points with distance r to O is a closed smooth curve on >>, for example, see 
Fig.4.14(1) and (2). 





(2) 





Fig.4.14 


Whence it is an m-circle. i 
We construct a polar axis OX with center O in a planar map geometry as that 
in an Euclid geometry. Then each m-point A has a coordinate (p, 0), where p is the 


length of the m-line segment OA and 6 is the angle between OX and the straight 
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line segment of OA containing the point A. We get an equation for an m-circle of 


radius r which has the same form as that in the analytic geometry of plane. 


Theorem 4.4.2 In a planar geometry (M, u) with a polar aris OX of center O, the 


equation of each m-circle of radius r with center O is 


p= 


Proof By the definition of an m-circle C of radius r, every m-point on C has a 
distance r to its center O. Whence, its equation is p = r in a planar map geometry 


with a polar axis OX of center O. h 


84.5 Line Bundles in a Planar Map Geometry 


The behaviors of m-line bundles is need to clarify from a geometrical sense. Among 
those m-line bundles the most important is parallel bundles defined in the next 
definition, which is also motivated by the Euclid’s fifth postulate discussed in the 


reference [54] first. 


Definition 4.5.1 A family L of infinite m-lines not intersecting each other in a 


planar geometry (M, u) is called a parallel bundle. 


In Fig.4.15, we present all cases of parallel bundles passing through an edge 
in planar geometries, where, (a) is the case with the same type points u,v and 
pm (u)u(u) = pyy(v)u(v) = 27, (b) and (c) are the same type cases with pm(u)ulu) > 
pu(v)u(v) or py (u)u(u) = py (v)u(v) > 27 or < 27 and (d) is the case with an 
elliptic point u but a hyperbolic point v. 


ù u u u 
Eg 
Lyf L, Ly bj 
Lə Lo L2 Ls 
È 
L, Ls : Ls 
y y ¥ v 


ta) íb) ic) íd) 
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Here, we assume the angle at the intersection point is in clockwise, that is, a line 
passing through an elliptic point will bend up and passing through a hyperbolic 
point will bend down, such as those cases (b),(c) in the Fig.4.15. Generally, we 


define a sign function sign(f) of an angle function f as follows. 


Definition 4.5.2 For a vector O on the Euclid plane called an orientation, a sign 


function sign(f) of an angle function f at an m-point u is defined by 


1, if u is elliptic, 
sign(f)(u) = 4 0, if u is euclidean, 


—1, if u is hyperbolic. 


We classify parallel bundles in planar map geometries along an orientation oO 


in this section. 


4.5.1. A condition for parallel bundles 


We investigate the behaviors of parallel bundles in a planar map geometry (M, u). 
Denote by f(x) the angle function value at an intersection m-point of an m-line L 
with an edge (u,v) of M and a distance x to u on (u,v) as shown in Fig.4.15(a). 


Then we get an elementary result as in the following. 


Theorem 4.5.1 A family L of parallel m-lines passing through an edge (u,v) is a 
parallel bundle if and only if 


F zo 


dx|, — 


Proof If £ is a parallel bundle, then any two m-lines Lı, Lo will not intersect 
after them passing through the edge uv. Therefore, if 6,42 are the angles of L,, Lə 
at the intersection m-points of L,, Lo with (u,v) and Lz is far from u than L4, then 


we know 6) > 01. Thereby we know that 


fiz + Ax) — f(x) > 0 


for any point with distance x from u and Ax > 0. Therefore, we get that 
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df} _ tim £@+Ax)- fe). 4 
dx}, Az—+0 Ax 


As that shown in the Fig.4.15. 
Now if gl > 0, then f(y) > f(x) if y > x. Since £ is a family of parallel 


m-lines before meeting uv, any two m-lines in £ will not intersect each other after 





them passing through (u,v). Therefore, £ is a parallel bundle. h 
A general condition for a family of parallel m-lines passing through a cut of a 


planar map being a parallel bundle is the following. 


Theorem 4.5.2 Let (M,) be a planar map geometry, C = {(u1, v1), (U2, v2), ++, 
(ui,u1)} a cut of the map M with order (u1, v1), (u2, v2), <+- , (u, v1) from the left 
to the right, | > 1 and the angle functions on them are fi, fo,---, fi (also seeing 
Fig.4.16), respectively. 





Fig.4.16 
Then a family L of parallel m-lines passing through C is a parallel bundle if and 


only if for any x,x > 0, 


0 
sign( fi) (x) fiy(@) + sign( fa) (x) f24 (x) 2 0 
sign( fi)() fi, (x) + sign(fa)() f2, (a) + sign(fs)() fz, (x) 2 0 


sign( fi) (x) fi, (2) + sign(fo)(@) fo, (2) + +++ + sign(fi)(2) fi, (2) > 0. 











Proof According to Theorem 4.5.1, we know that m-lines will not intersect after 


them passing through (u1, v1) and (ug, v2) if and only if for VAr > 0 and x > 0, 
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sign( f2)(@) fala + Ax) + sign( fi) (x) fi, (2) Aw > sign(f2)(x) fo(a), 


seeing Fig.4.17 for an explanation. 





That is, 


sign(fi)(x) fiz (x) + sign( fo) (x) fay (x) > 0. 


Similarly, m-lines will not intersect after them passing through (u1, v1), (u2, v2) 
and (u3, v3) if and only if for VAz > 0 and x > 0, 


sign( fs)(x) fg(a + Ax) + sign(fo)(a) fo, (a) Ar 
+sign(fi)()fi,(w)Ax > sign( fs) (x) fa(x). 


That is, 


sign(fi)(@) fiz (@) + sign(f2)(@) f2 (x) + sign( fs) (x) fg4(@) > 0. 


Generally, m-lines will not intersect after them passing through (u1, v1), (v2, v2), +77, 


(wi-1, Vi-1) and (u,v) if and only if for VAr > 0 and z > 0, 


sign( f)(x) filz + Ax) + sign(fi_1)(x) fi, (a) Ae + 
+ sign(fi)(2) fi,(@)Ax > sign(fi)(x) f(x). 


Whence, we get that 
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sign( fi) (x) fi, (2) + sign(f2)(@) fo, (2) +--+ + sign(fi)(®) fi, (x) 2 0. 


Therefore, a family £ of parallel m-lines passing through C is a parallel bundle 
if and only if for any x, x > 0, we have that 


0 
sign( fi)(2) fi+ (2) + sign( f2)(2) fo, (2) 2 0 
sign(fi)(@) fiz (£) + sign(f2) (©) fay (x) + sign( fi) (x) fz34 (x) > 0 











sign( fi) (x) fi, (a) + sign(f2)(@) fo, (a) +--+ + stgn(fi)(@) ft, (2) 2 0. 


This completes the proof. j. 


Corollary 4.5.1 Let (M, 1) be a planar map geometry, C = {(u1, v1), (U2, v2), +++, 
(u, vi)} a cut of the map M with order (u1, v1), (u2, v2), +- , (ur, v1) from the left to 
the right, | > 1 and the angle functions on them are fi, fo,---, fi, respectively. Then 
a family L of parallel lines passing through C is still parallel lines after them leaving 


C if and only if for any x,x > 0, 


0 
sign( fi)(x) fi, (2) + sign( fa) (x) fo, (£) 2 0 
sign( fi) (©) fiz (2) + sign( fa) (x) fay (2) + sign( fi) (x) f3+ (x) > 0 











sign( fi) (x) fi, (2) + sign(f2)(@) fo, (2) +--+ + stign(fi)(®) fia, (2) Z 0. 


and 


sign(fi)(@) fi (2) + sign( fo) (2) f2} (2) + +++ + sign(fi)(@) fi, (2) = 0. 


Proof According to Theorem 4.5.2, we know the condition is a necessary and 


sufficient condition for £ being a parallel bundle. Now since lines in £ are parallel 


Chapter 4 Planar Map Geometries 199 


lines after them leaving C if and only if for any x > 0 and Az > 0, there must be 
that 


sign( fi) fila + Ax) +sign( fir) fi- (a)Act---+sign(fi) fi (£) Ax = sign( fi) fila). 


Therefore, we get that 


sign(fi)(x) fi (2) + sign(fo)(2) fay (@) +--+ + stign(fi)() fi (2) =0. 4 


When do some parallel m-lines parallel the initial parallel lines after them 
passing through a cut C in a planar map geometry? The answer is in the next 


result. 


Theorem 4.5.3 Let (M,j) be a planar map geometry, C = {(u1, U1), (U2, v2), +++, 
(w,%)} a cut of the map M with order (uy, v1), (U2, U2), <- -, (wu, v1) from the left to 
the right, l > 1 and the angle functions on them are fi, fo,---, fi, respectively. Then 
the parallel m-lines parallel the initial parallel lines after them passing through C if 
and only if for Vx > 0, 


0 
sign( fi)(x) fi, (2) + sign( fa) (2) fz, (2) 2 0 
sign( f)(x) fiz (2) + sign( fa)(2) fo, (£) + sign(fi)() f3, (x) > 0 











sign(fi)() fi (2) + sign( fo) (a) fay (2) + +++ + sign(fi)(©) fiz (a) 2 0. 


and 


sign( fi) fi(x) + sign( fa) falx) + +--+ sign(fi)(x) fila) = In. 


Proof According to Theorem 4.5.2 and Corollary 4.5.1, we know that these 
parallel m-lines satisfying conditions of this theorem is a parallel bundle. 
We calculate the angle a(i, x) of an m-line L passing through an edge u;v;, 1 < 


i < l with the line before it meeting C at the intersection of L with the edge 
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(ui, vi), where x is the distance of the intersection point to u on (u1, v1), see also 
Fig.4.18. By definition, we know the angle a(1,z) = sign(f,)f(x) and a(2,x2) = 
sign(f2) fo(x) — (m — sign(fi) fi(x)) = sign(fi) f(x) + sign( fa) fo(x) — 

Now if a(i, x) = sign(f1) fi (@)+sign( fo) fo(x)+:- i )r, then 
we know that a(i + 1,2) = sign(fis1) fiy (x) — (m — ali, v)) = sign( fizi) fizi (a) + 
a(i,x) — m similar to the case i = 2. Thereby we get that 


a(i+ 1, x) = sign(fi) fı(x) + stgn( f2) falx) +--+ + stgn( fist) fi4i(@) — ir. 


Notice that an m-line L parallel the initial parallel line after it passing through 


C if and only if a(l, x) = 7, i.e., 


sign( fi) fi(x) + sign( fa) falx) +--+ sign( fi) fil) = lr. 


This completes the proof. h 


4.5.2. Linear conditions and combinatorial realization for parallel bundles 


For the simplicity, we can assume even that the function f(z) is linear and denoted 
it by fi(x). We calculate f(x) in the first. 


Theorem 4.5.4 The angle function fi(x) of an m-line L passing through an edge 


(u,v) at a point with distance x to u is 
x p(uju(v) x plv)u(v) 
zohi a aa a E ce 
fix) = ( CAL 2 d(u,v) 2 
where, d(u,v) is the length of the edge (u,v). 


Proof Since fi(x) is linear, we know that fı(x) satisfies the following equation. 


fi(z) — A 
TOMONA 7 OTC a dlu, v)’ 
2 


Calculation shows that 
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Corollary 4.5.2 Under the linear assumption, a family L of parallel m-lines passing 


through an edge (u,v) is a parallel bundle if and only if 





Proof According to Theorem 4.5.1, a family of parallel m-lines passing through 
an edge (u,v) is a parallel bundle if and only if f'(x) > 0 for Vz, x > 0, i.e., 


pwu) — pel) 5 
2d(u,v) 2d(u,v) 7 
Therefore, a family £ of parallel m-lines passing through an edge (u,v) is a 


parallel bundle if and only if 


Whence, 


SS 
= 
PEN 
Q 
SS 


plu 


pv) ~ plu) 


For a family of parallel m-lines passing through a cut, we get the following 





condition. 


Theorem 4.5.5 Let (M,u) be a planar map geometry, C = {(u1, v1), (U2, v2), +>, 
(u,v) } a cut of the map M with order (u1, v1), (v2, v2), <- - , (us, v1) from the left to 
the right, l > 1. Then under the linear assumption, a family L of parallel m-lines 
passing through C is a parallel bundle if and only if the angle factor u satisfies the 


following linear inequality system 
Pui) u(r) 2 p(ur) Hu (ur) 


p(vi) ev) plva)u(ve) ., plur)e(un) plu2)u(u2) 


d(u1, V1) d(ua, V2) d(u1, V1) d(uz, V2) 
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p(vi) He) p(v2)e(v2) ___ _ plor)u(vr) 

d(uy, V1) d( ug, V2) d(uy, vi) 
p(ui)e(ur) | pluz)u(u2) | plu) 
d(uy, V1) i d(uz, v2) pee d(uj, vi) ` 


Proof Under the linear assumption, for any integer 7,2 > 1 we know that 


fl (z) = p(vi) (vi) — plu:)u(u:) 


É E 2d(u;, vi) 
by Theorem 4.5.4. Thereby according to Theorem 4.5.2, we get that a family L of 


parallel m-lines passing through C is a parallel bundle if and only if the angle factor 


u satisfies the following linear inequality system 


p(vi)e(v1) = pur) (ur) 


(V1) eV) plva)u(ve) . plur) (un) plu2)u(u2) 


d(uy, v1) d(uz, v2) d(u1, V1) d(ug, V2) 


p(vi) He) p(v2)e(v2) -  plor)uur) 
d(uy, V1) bs d( ug, V2) a d(uy, vi) 
plujal) , pluajuluz) , olui)u(u) 
d(u1, V1) d(uz, v2) d(uj, v) ` 
This completes the proof. ' 


For planar maps underlying a regular graph, we have an interesting consequence 
for parallel bundles in the following. 


Corollary 4.5.3 Let (M,) be a planar map geometry with M underlying a reg- 
ular graph, C = {(u1, v1), (u2, V2), ---, (u, v1)} a cut of the map M with order 
(u1, V1), (Ua, V2), =- -, (u, v1) from the left to the right, L > 1. Then under the lin- 
ear assumption, a family L of parallel lines passing through C is a parallel bundle if 


and only if the angle factor u satisfies the following linear inequality system. 
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(v) > ulu) 


(v1) [(v2) 


phu) p(u2) 
d(uy, V1) d(uz, V2) 


> 
~ d(ui,v1) d(uz, v2) 


L(v1) plv) weer) f(a) (ua), eu) 
d(uı, v1)  d(ug, v2) ore d(uy, vi) = d(uy, V1) 4 d(ug, V2) za? d(uy, vi) 


and particularly, if assume that all the lengths of edges in C' are the same, then 


(vı) > pus) 
(vı) + (ve) > plu) + ulus) 
pw) + ulv) +: +u) > ulu) + ulu) +--+ + plu). 








Certainly, by choice different angle factors, we can also get combinatorial con- 


ditions for the existence of parallel bundles under the linear assumption. 


Theorem 4.5.6 Let (M, u) be a planar map geometry, C = { (u1, v1), (u2, v2), =+, 
(u, v1) } a cut of the map M with order (uy, v1), (u2, v2), <- -, (un vi) from the left to 
the right, l > 1. If 


plu:) — alvi) 
p(vi) ~ ului) 
for any integer 1,1 > 1, then a family L of parallel m-lines passing through C is a 








< 


parallel bundle under the linear assumption. 


Proof Under the linear assumption we know that 


Ui Vi) — plui Ui 
oe plvi)ulvi) = (ua) uu) 
2d(ui, vi) 
for any integer i, i > 1 by Theorem 4.5.4. Thereby f (x) > 0 for i = 1,2,---,1. We 
get that 
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0 
fi, @) + f(z) > 0 
fi,(x) + fr, (x) + fa, (x) = 0 


filt) + falt) +t f(a) 20. 











By Theorem 4.5.2 we know that a family L of parallel m-lines passing through 
C is still a parallel bundle. i 


§4.6 Examples of Planar Map Geometries 


By choice different planar maps and define angle factors on their vertices, we can get 
various planar map geometries. In this section, we present some concrete examples 


for planar map geometries. 


Example 4.6.1 A complete planar map K4 


We take a complete map K4 embedded on a plane >> with vertices u,v,w and 


t and angle factors 


T 27 
B(u) = 5, Kv) = ww) = 7 and w(t) = =, 
such as shown in Fig.4.18 where each number on the side of a vertex denotes 


pm(x)u(x) for x = u,v, w and t. 





Fig.4.18 


We assume the linear assumption is holds in this planar map geometry (M, u). Then 


we get a classifications for m-points in (M, u) as follows. 
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Va = {points in (uA \ {A}) UGB \ {B} Ut \ {t})}, 


where A and B are euclidean points on (u, w) and (u,v), respectively. 


Veu = {A, B, t} U(P \ E(K4)) 


and 


Viy = {points in (wA \ {A} Uwe \ {t}) U wv Uy \ {t}) UWB \ {BD} 


Edges in Ky are classified into (u,t) € Ch, (t, w), (t,v) € CR, (u, w), (u,v) € CR 
and (w,u) € C$. 


Various m-lines in this planar map geometry are shown in Fig.4.19. 





Fig.4.19 


There are no 1-polygons in this planar map geometry. One 2-polygon and 


various triangles are shown in Fig.4.20. 


K 
P 
. whe 
0 Q 





Fig.4.20 
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Example 4.6.2 A wheel planar map W,.4 


We take a wheel W,.,4 embedded on a plane > with vertices O and u, v, w,t and 


angle factors 


T 4T 
u(O) = 5, and plu) = p(o) = uw) = wt) = =, 
such as shown in Fig.4.21. 
ATL ATL 
ug———————__o 
ors 
TiN 
t w 
ATL ATL 


Fig.4.21 


There are no elliptic points in this planar map geometries. Euclidean and 


hyperbolic points Veu, Vay are as follows. 


Veu = PIJ VE (Wia) \ {0} 


and 


Viy = E(W1.4) \ {0} 


Edges are classified into (O, u), (O, v), (O, w), (O,t) € CÌ} and (u,v), (v, w), 
(w,t), (t,u) € C$. Various m-lines and one 1-polygon are shown in Fig.4.22 where 
each m-line will turn to its opposite direction after it meeting Wı.4 such as those 
m-lines Lı, Ly and L4, Ls in Fig.4.22. 
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Example 4.6.3 A parallel bundle in a planar map geometry 


We choose a planar ladder and define its angle factor as shown in Fig.4.23 where 
each number on the side of a vertex u denotes the number py(u)u(u). Then we find 
a parallel bundle {L;;1 < i < 6} as those shown in Fig.4.23. 


ATT 4AT 
Ly 
La 
2T. 
A 21L 
L4 
21L 21L 
Ls 
Le 
41L ATL 
Fig.4.23 


§4.7 Remarks and Open Problems 


4.7.1. Unless the Einstein’s relativity theory, nearly all other branches of physics 
use an Euclid space as their spacetime model. This has their own reason, also due 
to one’s sight because the moving of an object is more likely as it is described by 
an Euclid geometry. As a generalization of an Euclid geometry of plane by the 
Smarandache’s notion, planar map geometries were introduced in the references [54] 
and [62]. The same research can be also done for an Euclid geometry of a space R’ 


and open problems are selected in the following. 


Problem 4.7.1 Establish Smarandache geometries of a space RÌ and classify their 


fundamental elements, such as points, lines, polyhedrons, ---, ete.. 


Problem 4.7.2 Determine various surfaces in a Smarandache geometry of a space 
R, such as a sphere, a surface of cylinder, circular cone, a torus, a double torus 
and a projective plane, a Klein bottle, ---, also determine various convex polyhedrons 


such as a tetrahedron, a pentahedron, a hexahedron, ---, etc.. 


Problem 4.7.3 Define the conception of volume and find formulae for volumes of 
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convex polyhedrons in a Smarandache geometry of a space RÌ, such as a tetrahedron, 


a pentahedron or a hexahedron, ---, etc.. 


Problem 4.7.4 Apply Smarandache geometries of a space RÌ to find knots and 


characterize them. 


4.7.2. As those proved in Chapter 3, we can also research these map geometries on 
a locally orientable surfaces and find its fundamental elements in a surface, such as 
a sphere, a torus, a double torus, --- and a projective plane, a Klein bottle, ---, i.e., 
to establish an intrinsic geometry on a surface. For this target, open problems for 


surfaces with small genus should be solved in the first. 


Problem 4.7.5 Establish an intrinsic geometry by map geometries on a sphere or 


a torus and find its fundamental elements. 


Problem 4.7.6 Establish an intrinsic geometry on a projective or a Klein bottle 


and find its fundamental elements. 


Problem 4.7.7 Define various measures of map geometries on a locally orientable 


surface S and apply them to characterize the surface S. 


Problem 4.7.8 Define the conception of curvature for a map geometry (M, u) on 
a locally orientable surface and calculate the sum w(M) of curvatures on all edges 
in M. 


Conjecture 4.7.1 w(M) = 27x(M)s(M), where s(M) denotes the sum of length 
of edges in M. 


Chapter 5. Pseudo-Plane Geometries 


The essential idea in planar map geometries is to associate each point in a planar map 
with an angle factor which turns flatness of a plane to tortuous as we have seen in 
Chapter 4. When the order of a planar map tends to infinite and its diameter of each 
face tends to zero (such planar maps exist, for example, triangulations of a plane), 
we get a tortuous plane at the limiting point, i.e., a plane equipped with a vector and 
straight lines maybe not exist. We concentrate on discussing these pseudo-planes in 
this chapter. A relation for integral curves with differential equations is established, 


which enables us to find good behaviors of plane curves. 


§5.1 Pseudo-Planes 


In the classical analytic geometry of plane, each point is correspondent with the 
Descartes coordinate (x,y), where x and y are real numbers which ensures the 
flatness of a plane. Motivated by the ideas in Chapters 3 and 4, we find a new 
kind of planes, called pseudo-planes which distort the flatness of a plane and can be 


applied to classical mathematics. 


Definition 5.1.1 Let > be an Euclid plane. For Vu € Ð, if there is a continuous 
mapping w : u —> w(u) where w(u) € R” for an integer n,n > 1 such that for any 
chosen number e > 0, there exists a number ô > 0 and a point v € ©, |lu—v|| < ô 
such that ||w(u) — w(v)|| < €, then X is called a pseudo-plane, denoted by (X, w), 


where ||u — v|| denotes the norm between points u and v in >. 


An explanation for Definition 5.1.1 is shown in Fig.5.1, in where n = 1 and 
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w(u) is an angle function Vu € >. 


> | 





Fig.5.1 


We can also explain w(u), u € P to be the coordinate z in u = (x,y,z) € R3 
by taking also n = 1. Thereby a pseudo-plane can be also seen as a projection of an 
Euclid space R”*? on an Euclid plane. This fact implies that some characteristic of 
the geometry of space may reflected by a pseudo-plane. 

We only discuss the case of n = 1 and explain w(u),u € X being a periodic 
function in this chapter, i.e., for any integer k, 4ka + w(u) = w(u)(mod 4r). Not 
loss of generality, we assume that 0 < w(u) < 4r for Vu € Ð. Similar to map 
geometries, points in a pseudo-plane are classified into three classes, i.e., elliptic 


points Va, euclidean points Ve, and hyperbolic points Vay, defined by 
Va = {u € w(u) < 2z}, 


Va = {v € X lev) = 2r} 


and 


Vay = {w E X` |w(w) > 2r}. 
We define a sign function sign(v) on a point of a pseudo-plane (X, w) 


1 


sign(v) = 4 0, if v is euclidean, 


; if v is elliptic, 
—1, if v is hyperbolic. 
Then we get a result as in the following. 


Theorem 5.1.1 There is a straight line segment AB in a pseudo-plane (3>,w) if 
and only if for Vu € AB, w(u) = 27, i.e., every point on AB is euclidean. 
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Proof Since w(u) is an angle function for Vu € >>, we know that AB is a 


straight line segment if and only if for Vu € AB, 


i.e., w(u) = 27, u is an euclidean point. h 


Theorem 5.1.1 implies that not every pseudo-plane has straight line segments. 


Corollary 5.1.1 Jf there are only finite euclidean points in a pseudo-plane (><, w), 


then there are no straight line segments in (X, w). 
Corollary 5.1.2 There are not always exist a straight line between two given points 
u and v in a pseudo-plane (P,w). 

By the intermediate value theorem in calculus, we know the following result for 


points in a pseudo-plane. 


Theorem 5.1.2 In a pseudo-plane (X, w), if Va A O and Vi, £ D, then 


Veu FO. 


Proof By these assumptions, we can choose points u € Va and v € Vy- 
Consider points on line segment uv in an Euclid plane >>. Since w(u) < 27r and 
w(v) > 27, there exists at least a point w, w € uv such that w(w) = 27, i.e., w E€ Veu 


by the intermediate value theorem in calculus. Whence, Veu 4 0. i 


Corollary 5.1.3 In a pseudo-plane (%,w), if Veu = Ú, then every point of (© ,w) is 
elliptic or every point of >> is hyperbolic. 


According to Corollary 5.1.3, pseudo-planes can be classified into four classes 


as follows. 


C} (euclidean): pseudo-planes whose each point is euclidean. 
C2 (elliptic): pseudo-planes whose each point is elliptic. 
C? (hyperbolic): pseudo-planes whose each point is hyperbolic. 


C%(Smarandache’s): pseudo-planes in which there are euclidean, elliptic and 


hyperbolic points simultaneously. 
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For the existence of an algebraic curve C in a pseudo-plane (>,w), we get a 


criteria as in the following. 


Theorem 5.1.3 There is an algebraic curve F(x,y) = 0 passing through (£o, yo) in 
a domain D of a pseudo-plane (3>,w) with Descartes coordinate system if and only 
if F'(xo, yo) =0 and for V(x,y) € D, 

dy 


(1+ (4?) = sign(a,y), 


w(x, y) 
2 





(e 


Proof By the definition of pseudo-planes in the case of that w being an angle 
function and the geometrical meaning of the differential value of a function at a 
point, we know that an algebraic curve F(x,y) = 0 exists in a domain D of (©, w) 


if and only if 


dx 


dx ; 


w(t, 9), d(arctan(24) 


(r — 2) = sign(x,y) 


for V(x, y) € D, i.e., 
(ey) _ sign(e.y) 
27 14 (ep 


such as shown in Fig.5.2, where 0 = m — £2 + Z1 „dim 6 = w(z,y) and (x,y) is an 





Ce 


elliptic point. 







Get Ax t+ Ay) 


Therefore we get that 


(x — Hye 4 (HH?) = sigeg). h 


A plane curve Č is called elliptic or hyperbolic if sign(x,y) = 1 or —1 for each 





point (x,y) on C. We know a result for the existence of an elliptic or a hyperbolic 
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curve in a pseudo-plane. 


Corollary 5.1.4 An elliptic curve F(x, y) = 0 exists in a pseudo-plane (>>, w) with 
the Descartes coordinate system passing through (£o, yo) if and only if there is a 
domain D C © such that F(xo, yo) = 0 and for V(x, y) € D, 

q- Ea y (By) 21 
and there exists a hyperbolic curve H (x,y) = 0 in a pseudo-plane (¥,w) with the 





Descartes coordinate system passing through (£o, yo) if and only if there is a domain 
U C © such that for H(xo, yo) = 0 and V(x, y) €U, 


(x — SED 4 (Hy) =a 





Now construct a polar axis (p, 0) in a pseudo-plane (5>,w). Then we get a result 


as in the following. 


Theorem 5.1.4 There is an algebraic curve f(p,@) = 0 passing through (po, 0o) in 
a domain F of a pseudo-plane (>>,w) with a polar coordinate system if and only if 
f (0,90) = 0 and for Y(p,0) € F, 


w(p,d) do 
5 = sign(p, 8) D 





T — 


Proof Similar to the proof of Theorem 5.1.3, we know that jim, 0 = (Gy) 
and 0 = m — 22+ Z1 if (p,8) is elliptic, or 0 = m — Z1 + Z2 if (p,6) is hyperbolic in 
Fig.5.2. Whence, we get that 


w(p,8) do 
5 = sign(p, 8) TA 





T — 


Corollary 5.1.5 An elliptic curve F(p,0) = 0 exists in a pseudo-plane (>>, w) with 
a polar coordinate system passing through (po, 0o) if and only if there is a domain 
FC such that F(po, 00) = 0 and for V(p,0) E€ F, 


w(p,0) _ dé 


T= 5) ~ dp 
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and there exists a hyperbolic curve h(x,y) = 0 in a pseudo-plane (>>,w) with a polar 
coordinate system passing through (po, 0o) if and only if there is a domain U C > 
such that h(po, 49) = 0 and for V(p,0) € U, 
w(p, 0) dé 
T =——. 
2 dp 


Now we discuss a kind of expressions in an Euclid plane R? for points in R 





and its characteristics. 


Definition 5.1.2 For a point P = (x,y,z) € RÌ with center O, let 0 be the angle of 
vector OP with the plane XOY. Then define an angle function w : (x,y) > 2(m—V), 
i.e., the presentation of a point (x,y,z) in RÌ is a point (x,y) with w(x, y) = 2(m — 
L(OP, XOY)) in a pseudo-plane (X, w). 


An explanation for Definition 5.2.1 is shown in Fig.5.3 where @ is an angle 
between the vector OP and plane XOY. 


P(LY,2) y 
fA) Ja 
— 


Z 





Fig.5.3 


Theorem 5.1.5 Let (o,w) be a pseudo-plane and P = (x,y,z) a point in R. 
Then the point (x,y) is elliptic, euclidean or hyperbolic if and only if z > 0, z = 0 
orz <0. 


Proof By Definition 5.1.2, we know that w(x,y) > 2r, = 27 or < 2r if and 
only if 0 > 0,= 0 or < 0 since —} < 0 < 5. Those conditions are equivalent to 
z>0,=00r<0. ' 

The following result reveals the shape of points with a constant angle function 


value in a pseudo-plane (X, w). 


Theorem 5.1.6 For a constant 7,0 < n < 4r, all points (x,y,z) in RÌ with 


w(x, y) = n consist an infinite circular cone with verter O and an angle m — 3 
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between its generatrix and the plane XOY. 
Proof Notice that w(x1, 41) = w(x2, y2) for two points A, B in RÌ with A = 
(21, Y1, 21) and B = (z2, yo, 22) if and only if 
L(OA, XOY) = (OB, XOY) =r — 1, 


that is, points A and B is on a circular cone with vertex O and an angle m — 4 


between OA or OB and the plane XOY. Since z — +00, we get an infinite circular 
cone in R? with vertex O and an angle m — # between its generatrix and the plane 
XOY. h 


85.2 Integral Curves 
An integral curve in an Euclid plane is defined by the next definition. 


Definition 5.2.1 If the solution of a differential equation 


d 
Z = fhe) 


with an initial condition y(xo) = yo exists, then all points (x,y) consisted by their 


solutions of this initial problem on an Euclid plane > is called an integral curve. 


By the ordinary differential equation theory, a well-known result for the unique 
solution of an ordinary differential equation is stated in the following. See also the 


reference [3] for details. 


If the following conditions hold: 


(i) f(x,y) is continuous in a field F: 


Psp = OS 2S Toa, Yo—b <y < yotb 


(ii) there exist a constant ¢ such that for V(x, y),(x,¥) € F, 


then there is an unique solution 
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y= (rz), (20) = yo 


for the differential equation 


dy 
with an initial condition y(xo) = yo in the interval [a — ho, £o + ho], where ho = 
; b 
min(a, 7), M = max z, y)|. 
(a, $), M = max If(e.u) 


The conditions in this theorem are complex and can not be applied conveniently. 
As we have seen in Section 5.1 of this chapter, a pseudo-plane (3°, w) is related with 
differential equations in an Euclid plane X. Whence, by a geometrical view, to find 
an integral curve in a pseudo-plane (3>,w) is equivalent to solve an initial problem 
for an ordinary differential equation. Thereby we concentrate on to find integral 
curves in a pseudo-plane in this section. 


According to Theorem 5.1.3, we get the following result. 


Theorem 5.2.1 A curve C, 


C= {(2, (0DE = F(e.9), vleo) = wo) 


exists in a pseudo-plane ($,w) if and only if there is an interval I = [xo — h, zo + h] 


and an angle function w : >> — R such that 


w(x, y(x)) = 2(7 — ane 


for Vx € I with 


sign(x, y(x)) 


w (x0, y(%o)) = 2(7 — 1+ f?(@o, y(@o)) 


Proof According to Theorem 5.1.3, a curve passing through the point (£o, y(9)) 
in a pseudo-plane (>>, w) if and only if y(zo) = yo and for Vz € J, 


c- SEWED) a 4 A) = sigle, ya). 


Solving w(x, y(x)) from this equation, we get that 
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— o(p — Ste ¥@), _ a, _ Sin, y(@)) 
w(x, y(x)) = 2( 1+ (ap ul PG ). 4 


Now we consider curves with an constant angle function value at each of its 


point. 


Theorem 5.2.2 Let (Xw) be a pseudo-plane. Then for a constant 0 < 0 < 4r, 

(i) a curve C passing through a point (xo, yo) and w(x,y) = n for Y(xz,y) E€ C 
is closed without self-intersections on (X ,w) if and only if there exists a real number 
s such that 


sy = 2(s — 2)a. 
(ii) a curve C passing through a point (£o, yo) with w(x, y) = 0 for W(x, y) € C 
is a circle on (do,w) if and only if 
2 
= 27 = eee 
T 


where r = \/a2 + yê, ie., C is a projection of a section circle passing through a 
point (xo, yo) on the plane XOY. 


Proof Similar to Theorem 4.3.1, we know that a curve C passing through a 


point (zo, yo) in a pseudo-plane (3>,w) is closed if and only if 


ONS) 5 2 oth E 
fa — > )ds = s(1 5): 
0 
Whence, we get that 
s(t — 5) = 29; 


1.64 
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Now if C is a circle passing through a point (£o, yo) with w(z,y) = 0 for 
V(z,y) E€ C, then by the Euclid plane geometry we know that s = 2ar, where 
r = ,/72 + y2. Therefore, there must be that 


2 
Ra 2i eS, 
r 


This completes the proof. ' 
Two spiral curves without self-intersections are shown in Fig.5.4, in where (a) 


is an input but (b) an output curve. 


Fig.5.4 
We call the curve in Fig.5.4(a) an elliptic in-spiral and Fig.5.4(b) an elliptic out- 
spiral, correspondent to the right hand rule. In a polar coordinate system (p,0), a 
spiral curve has equation 


= Ot 
p= ce , 


where c,t are real numbers and c > 0. Ift < 0, then the curve is an in-spiral as 
the curve shown in Fig.5.4(a). If t > 0, then the curve is an out-spiral as shown in 
Fig.5.4(b). 

For the case t = 0, we get a circle p = c (or £? + y? = Cc in the Descartes 
coordinate system). 

Now in a pseudo-plane, we can easily find conditions for in-spiral or out-spiral 


curves. That is the following theorem. 


Theorem 5.2.3 Let (>>,w) be a pseudo-plane and let n,¢ be constants. Then an 
elliptic in-spiral curve C with w(x, y) = n for Y(x,y) E€ C exists in (X,w) if and 
only if there exist numbers sı > 82 >- > 8, >-++, 8; >0 fori > 1 such that 
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sin < 2(s; — 2i)r 


for any integer ii > 1 and an elliptic out-spiral curve C with w(x, y) = ¢ for 
V(x, y) E C exists in (Sw) if and only if there exist numbers sı > s3 >- > sı > 
+, 8; > 0 fori > 1 such that 


si > 2(s; — 2i)r 


for any integer i,i > 1. 


Proof Let L be an m-line like an elliptic in-spiral shown in Fig.5.5, in where 


£1, £2; **, £n are non-euclidean points and zızę is an auxiliary line segment. 





Then we know that 


Daa E 


i=1 


12 


S =f ean, 


i=1 


Similarly from any initial point O to a point P far s to O on C, the sum of lost 


angles at P is 


220 
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Whence, the curve C is an elliptic in-spiral if and only if there exist numbers sı > 


S2 >- > 8, >---+, Si > 0 fori > 1 such that 
(m — 2)s, < 27, 
2 
(m — 2)s9 < 4r, 
2 
(m — )s < 6r, 


Therefore, we get that 


sin < 2(s; — 2i)r 
for any integer i, i > 1. 
Similarly, consider an m-line like an elliptic out-spiral with £1, £2, +, £n non- 
euclidean points. We can also find that C is an elliptic out-spiral if and only if there 


exist numbers sı > S2 >--- > 8; >---, Si >0 for i > 1 such that 


(m — Ss, > 2r, 
(m — Ss, > 4T, 
(7 — Ss, > 62, 


Whence, we get that 
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sin < 2(s; — 21). 


for any integer 7,7 > 1. ' 

Similar to elliptic in or out-spirals, we can also define a hyperbolic in-spiral 
or hyperbolic out-spiral correspondent to the left hand rule, which are mirrors of 
curves in Fig.5.4. We get the following result for a hyperbolic in or out-spiral in a 


pseudo-plane. 


Theorem 5.2.4 Let (30,w) be a pseudo-plane and let n,Ç be constants. Then a 
hyperbolic in-spiral curve C with w(x, y) = for V(x, y) € C exists in (X,w) if and 


only if there exist numbers sı > s2 >-<- > 81 >---, 8; > 0 fori > 1 such that 


sin > 2(s; — 2i)r 


for any integer i,i > 1 and a hyperbolic out-spiral curve C with w(x, y) = ¢ for 
V(x, y) E C exists in (X,w) if and only if there exist numbers sı > 82 >- > sı > 
-+, Si >0 fori > 1 such that 


si < 2(s; — 2i)r 
for any integer i,i > 1. 


Proof The proof for (i) and (ii) is similar to the proof of Theorem 5.2.3. ' 


$85.3 Stability of a Differential Equation 


For an ordinary differential equation system 


dx 
Ss Pp 
Ti (x,y), 


dy 

aoe ee A* 

where t is a time parameter, the Euclid plane XOY with the Descartes coordinate 
system is called its a phase plane and the orbit (x(t), y(t)) of its a solution z = 
x(t), y = y(t) is called an orbit curve. If there exists a point (£o, yo) on XOY such 
that 
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P(xo, Yo) = Q(o, yo) = 9, 


then there is an obit curve which is only a point (£o, yo) on XOY. The point (Zo, yo) 
is called a singular point of (A*). Singular points of an ordinary differential equation 
are classified into four classes: knot, saddle, focal and central points. Each of these 


classes are introduced in the following. 


Class 1. Knots 


A knot O of a differential equation is shown in Fig.5.6 where (a) denotes that 
O is stable but (b) is unstable. 


() (b) 
Fig.5.6 


A critical knot O of a differential equation is shown in Fig.5.7 where (a) denotes 
that O is stable but (b) is unstable. 


va a 


Fig.5.7 


A degenerate knot O of a differential equation is shown in Fig.5.8 where (a) 
denotes that O is stable but (b) is unstable. 
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(a) Œ) 
Fig.5.8 


Class 2. Saddle points 


A saddle point O of a differential equation is shown in Fig.5.9. 


DA 


Class 3. Focal points 


A focal point O of a differential equation is shown in Fig.5.10 where (a) denotes 
that O is stable but (b) is unstable. 





Fig.5.10 
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Class 4. Central points 


A central point O of a differential equation is shown in Fig.5.11, which is just 


the center of a circle. 





Fig.5.11 


In a pseudo-plane (>>, w), not all kinds of singular points exist. We get a result 


for singular points in a pseudo-plane as in the following. 


Theorem 5.3.1 There are no saddle points and stable knots in a pseudo-plane plane 


Z, w). 


Proof On a saddle point or a stable knot O, there are two rays to O, see- 
ing Fig.5.6(a) and Fig.5.10 for details. Notice that if this kind of orbit curves in 
Fig.5.6(a) or Fig.5.10 appears, then there must be that 


w(O) = 4r. 


Now according to Theorem 5.1.1, every point u on those two rays should be eu- 
clidean, i.e., w(u) = 27, unless the point O. But then w is not continuous at the 
point O, which contradicts Definition 5.1.1. ' 

If an ordinary differential equation system (A*) has a closed orbit curve C but 
all other orbit curves are not closed in a neighborhood of C nearly enough to C and 
those orbits curve tend to C when t > +00 or t + —oo, then C is called a limiting 


ring of (A*) and stable or unstable if t + +00 or t > —on. 


Theorem 5.3.2 For two constants po, Oo, po > 0 and Oo # 0, there is a pseudo-plane 
(So, w) with 
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or 


Po 
w(p, 0) = 2(a + — 
(0,0) = (r + Fe) 


such that 


is a limiting ring in (o,w). 


Proof Notice that for two given constants po, 6o, po > 0 and fo # 0, the equation 


p(t) = per 


has a stable or unstable limiting ring 


P = Po 


if O(t) — 0 when t — +00 or t — —oo. Whence, we know that 


l Po 
Ot) = — ln —— 
OH OW) 
Therefore, 
dé _ _ Po 
dp p(t)” 


According to Theorem 5.1.4, we get that 


. dé 
w(p, 0) a 2(7 ~ sign(p, Oo 


for any point (p,0) € È, i.e., 


Po 
w(p,0) = 2(m — —— 
(0,0) = 27 - F>) 
or 


w(p,9) = 2(7 + aa. 


A general pseudo-space is discussed in the next section which enables us to 


know the Finsler geometry is a particular case of Smnarandache geometries. 
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§5.4 Remarks and Open Problems 


Definition 5.1.1 can be generalized as follows, which enables us to enlarge our fields 


of mathematics for further research. 


Definition 5.4.1 Let U and W be two metric spaces with metric p, W C U. For 
Vu € U, if there is a continuous mapping w : u— w(u), where w(u) € R” for an 
integer n,n > 1 such that for any number e > 0, there exists a number ô > 0 and a 
point v E€ W, p(u—v) < ô such that p(w(u) — w(v)) < e, then U is called a metric 
pseudo-space if U = W or a bounded metric pseudo-space if there is a number N > 0 
such that Yw E€ W, p(w) < N, denoted by (U,w) or (U~,w), respectively. 


By choice different metric spaces U and W in this definition, we can get various 
metric pseudo-spaces. For the case n = 1, we can also explain w(u) being an angle 


function with 0 < w(u) < 47, i.e., 

w(u)(mod4r), if u € W, 

w(u) = 

Qn, if u € U \W (x) 
and get some interesting metric pseudo-spaces. 
5.4.1. Bounded pseudo-plane geometries Let C be a closed curve in an Euclid 
plane X without self-intersections. Then C divides X into two domains. One of 
them is finite. Denote by Dy, the finite one. Call C a boundary of Din. Now let 


U => and W = D ‘fin in Definition 5.4.1 for the case of n = 1. For example, choose 
C be a 6-polygon such as shown in Fig.5.12. 


L4 

Li 

La 

L3 
Fig.5.12 


Then we get a geometry (S>,w) partially euclidean and partially non-euclidean. 


Problem 5.4.1 Similar to Theorem 4.5.2, find conditions for parallel bundles on 
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(Uw). 


Problem 5.4.2 Find conditions for existing an algebraic curve F(x,y) = 0 on 


ow) 
Problem 5.4.3 Find conditions for existing an integer curve C on (X7 ,w). 


5.4.2. Pseudo-Space geometries For any integer m,m > 3 and a point 7 € R”. 
Choose U = W = R” in Definition 5.4.1 for the case of n = 1 and w(ū) an angle 


function. Then we get a pseudo-space geometry (R™,w) on R”. 


Problem 5.4.4 Find conditions for existing an algebraic surface F(x1,22,+-++,2%m) = 
0 in (R™,w), particularly, for an algebraic surface F(x1, 22,73) = 0 existing in 
(R?, w). 


Problem 5.4.5 Find conditions for existing an integer surface in (R™,w). 


If we take U = R” and W a bounded convex point set of R™ in Definition 
5.4.1. Then we get a bounded pseudo-space (R™7, w), which is partially euclidean 


and partially non-euclidean. 


Problem 5.4.6 For a bounded pseudo-space (R™~,w), solve Problems 5.4.4 and 
5.4.5 again. 


5.4.3. Pseudo-Surface geometries For a locally orientable surface S and Vu € S, 
we choose U = W = S in Definition 5.4.1 for n = 1 and w(u) an angle function. 


Then we get a pseudo-surface geometry (S,w) on the surface S. 


Problem 5.4.7 Characterize curves on a surface S by choice angle function w. 


Whether can we classify automorphisms on S by applying pseudo-surface geometries 
(S,w) ? 


Notice that Thurston had classified automorphisms of a surface S, x(S) < 0 
into three classes in [86]: reducible, periodic or pseudo-Anosov. 

If we take U = S and W a bounded simply connected domain of S' in Definition 
5.4.1. Then we get a bounded pseudo-surface (S7,w). 


Problem 5.4.8 For a bounded pseudo-surface (S~,w), solve Problem 5.4.7. 
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5.4.4. Pseudo-Manifold geometries For an m-manifold M” and Vu € M”, 
choose U = W = M™ in Definition 5.4.1 for n = 1 and w(u) a smooth function. Then 
we get a pseudo-manifold geometry (M™,w) on the m-manifold M™. This geometry 
includes the Finsler geometry, i.e., equipped each m-manifold with a Minkowski 
norm defined in the following ([13], [39]). 

A Minkowski norm on M™ is a function F : M™ — [0,+00) such that 

(i) F is smooth on M™ \ {0}; 

(ii) F is 1-homogeneous, i.e., F(Aw) = AF (u) for u € M™ and à > 0; 

(iii) for Vy E€ M™\ {0}, the symmetric bilinear form gy : M™ x M™ — R with 


__, 16 F*(y + st +t) 
gy (UT, T) = 3 pa Ht=s=0 


is positive definite. 

Then a Finsler manifoldis a manifold M™ and a function F : TM™ — [0, +00) 
such that 

(i) F is smooth on TM™ \ {0} =U{7TEM™ \ {0} : 7E M™}; 


(ti) Flim — [0, +00) is a Minkowski norm for Vz € M™. 


As a special case of pseudo-manifold geometries, we choose w(¥) = F(T) for 
Tz € M”, then (M™,w) is a Finsler manifold, particularly, if w(%) = gz(y,y) = 
F?(x,y), then (M™,w) is a Riemann manifold. Thereby, Smarandache geometries, 
particularly pseudo-manifold geometries include the Finsler geometry. 


Open problems for pseudo-manifold geometries are presented in the following. 


m 


Problem 5.4.9 Characterize these pseudo-manifold geometries (M™,w) without 


boundary and apply them to classical mathematics and to classical mechanics. 


Similarly, if we take U = M™ and W a bounded submanifold of M™ in Defini- 
tion 5.4.1. Then we get a bounded pseudo-manifold (M™~, w). 


Problem 5.4.10 Characterize these pseudo-manifold geometries (M™~ ,w) with 
boundary and apply them to classical mathematics and to classical mechanics, par- 


ticularly, to hamiltonian mechanics. 


Chapter 6. Applications to Theoretical Physics 


Whether are there finite, or infinite cosmoses? Is there just one? What is the 
dimension of our cosmos? Those simpler but more puzzling problems have confused 
the eyes of human beings thousands years and one does not know the answer even 
until today. The dimension of the cosmos in the eyes of the ancient Greeks is 3, 
but Einstein’s is 4. In recent decades, 10 or 11 is the dimension of our cosmos in 
superstring theory or M-theory. All these assumptions acknowledge that there is 
just one cosmos. Which one is the correct and whether can human beings realize 
the cosmos or cosmoses? By applying results gotten in Chapters 3-5, we tentatively 
answer those problems and explain the Einstein’s or Hawking’s model for cosmos in 


this chapter. 


§6.1 Pseudo-Faces of Spaces 


Throughout this chapter, R” denotes an Euclid space of dimensional n. In this 
section, we consider a problem related to how to represent an Euclid space in another. 


First, we introduce the conception of pseudo-faces of Euclid spaces in the following. 


Definition 6.1.1 Let R™ and (R",w) be an Euclid space and a pseudo-metric space. 
If there is a continuous mapping p: R™ — (R”,w), then the pseudo-metric space 
(R”,w(p(R™))) is called a pseudo-face of R™ in (R”,w). 


Notice that these pseudo-faces of R3 in R? have been considered in Chapter 5. 
For the existence of a pseudo-face of an Euclid space R™ in R”, we have a result as 


in the following. 


230 Linfan Mao: Smarandache Multi-Spaces Theory 


Theorem 6.1.1 Let R™ and (R”,w) be an Euclid space and a pseudo-metric space. 
Then there exists a pseudo-face of R™ in (R”,w) if and only if for any number 


e > 0, there exists a number ô > 0 such that for Vu,0 € R” with |u — || < ô, 


Ile(w(@)) — w(p(@))I| < €, 
where ||t|| denotes the norm of a vector @ in the Euclid space. 


Proof We only need to prove that there exists a continuous mapping p : R™ — 
(R”,w) if and only if all of these conditions in this theorem hold. By the definition 
of a pseudo-space (R”, w), since w is continuous, we know that for any number € > 0, 
\|w(Z) — w(¥)|| < e for Yz,y € R” if and only if there exists a number 6; > 0 such 
that ||% —Y)|| < ô. 

By definition, a mapping q : R™ — R” is continuous between Euclid spaces 
if and only if for any number 6, > 0, there exists a number ô> > 0 such that 
|q(%) — q(¥)|| < ô for Vu, v € R” with |u — v)|| < do. 

Combining these assertions, we know that p : R” — (R”,w) is continuous if 


and only if for any number e > 0, there is number 6 = min{d, 62} such that 


lu(p@)) — w(p@))I| < € 
for Vu, v € R” with |u- v| <8. 1 


Corollary 6.1.1 Ifm > n+ 1, let w: R” — R” be a continuous mapping, then 
(R”,w(p(R™))) is a pseudo-face of R™ in (R”,w) with 


DD les t, En, n41; ie = w (Cig T2, , En). 


Particularly, if m = 3,n = 2 and w is an angle function, then (R”,w(p(R™))) is a 


pseudo-face with p(x1, £2, £3) = w(z1, £2). 


There is a simple relation for a continuous mapping between Euclid spaces and 


that of between pseudo-faces established in the next result. 


Theorem 6.1.2 Let g:R™ — R” and p: R™ > (R”,w) be continuous mappings. 


Then pgp™! : (R",w) > (R”,w) is also a continuous mapping. 
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Proof Because a composition of continuous mappings is a continuous mapping, 

we know that pgp~' is continuous. 
Now for Vw(21,%2,°++,%n) E (R",w), assume that p(y1, Y2,- , Ym) = w(21, T2, 
Tn), (Y1 Y2,°* +5 Ym) = (21, 22, ``, Zm) and p(21, 22, **, 2m) = w(ti, t2,+++, tn). 


Then calculation shows that 


pgp (w(x, T2,° 7", Tn)) = pg(yı, Yar"; Ym) 
p(z, Z233 Zm) = w(ti, te, a tn) € (R”, w). 


Whence, pgp™t is a continuous mapping and pgp™! : (R",w) —> (R”,w). h 


Corollary 6.1.2 Let C(R™) and C(R”,w) be sets of continuous mapping on an 
Euclid space R™ and an pseudo-metric space (R",w). If there is a pseudo-space for 
R” in (R",w). Then there is a bijection between C(R™) and C(R”, w). 


For a body B in an Euclid space R”, its shape in a pseudo-face (R”, w(p(R”™))) 
of R” in (R”,w) is called a pseudo-shape of B. We get results for pseudo-shapes of 
a ball in the following. 


Theorem 6.1.3 Let B be an (n + 1)-ball of radius R in a space R"*!, i.e., 





trit e tae +t? R. 


Define a continuous mapping w : R” > R” by 


w(T1, T2, A lng = St(x1, T2, mes ta) 


for a real number ¢ and a continuous mapping p : R”! — R” by 


P(@1, T2, = Dag) = w(T1, T2, Jd “En: 


Then the pseudo-shape of B in (R”,w) is a ball of radius vE for any parameter 
t,—R<t< R. Particularly, for the case of n = 2 and ç = z, it is a circle of radius 


V R2 — ¢? for parameter t and an elliptic ball in RÌ as shown in Fig.6.1. 
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(0, 0, 2R) ft 





(0, 0,-2R) 


Fig.6.1 


Proof For any parameter t, an (n + 1)-ball 





eS By go 2 
Pie eae +t < R 


can be transferred to an n-ball 


ritr + oH ROE 


of radius v R? — t?. Whence, if we define a continuous mapping on R” by 


w(T1, £2, me Roe) = St this T2, n Tn) 


and 


p(z1, £2, Ae en) = W(£1, T2, a Din) 
then we get an n-ball 
R-t? 


ç2t2 ’ 


of B under p for any parameter t, which is the pseudo-face of B for a parameter t 


ri +r + +a < 


by definition. 


For the case of n = 2 and ç = 3, since its pseudo-face is a circle in an Euclid 


29 
plane and —R < t < R, we get an elliptic ball as shown in Fig.6.1. ' 
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Similarly, if we define w(£1, £2, ++- , En) = 22(OP, Ot) for a point P = (£1, %2,---, 
In, t), i.e., an angle function, then we can also get a result like Theorem 6.1.2 for 


these pseudo-shapes of an (n + 1)-ball. 


Theorem 6.1.4 Let B be an (n + 1)-ball of radius R in a space R"*?, i.e., 





2 yee ee: 2 
ritarit: +r tt < Re. 


Define a continuous mapping w : R” > R” by 


w(T1, £23, En) = 2/(0P, Ot) 


for a point P on B and a continuous mapping p : R™t! — R” by 


p(z1, T2, Tai Engt) a W(xr1, T2, nae in) 

Then the pseudo-shape of B in (R”,w) is a ball of radius y R? — t? for any parameter 
t,-R<t<R. Particularly, for the case ofn = 2, it is a circle of radius y R? — t? 
for parameter t and a body in R? with equations 

t t 

f arctan(—) =2n and f arctan(=) = Dar 

T y 

for curves of its intersection with planes XOT and YOT. 


Proof The proof is similar to the proof of Theorem 6.1.3. For these equations 


t t 
¢ arctan(-) =2r or f arctan(=) = Un 
T y 


of curves on planes XOT or YOT in the case of n = 2, they are implied by the 
geometrical meaning of an angle function. i 


For an Euclid space R”, we can get a subspace sequence 


RoD Ri D-:--D Ry, CS Ry 





where the dimensional of R; is n — i for 1 < i < n and R, is just a point. But we 


can not get a sequence reversing the order, i.e., a sequence 


Ro C Ri C- C Rea CR, 
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in classical space theory. By applying Smarandache multi-spaces, we can really find 
this kind of sequence by the next result, which can be used to explain a well-known 


model for our cosmos in M-theory. 


Theorem 6.1.5 Let P = (£1, £2,**:, 2n) be a point of R”. Then there are subspaces 


of dimensional s in P for any integer s,1<s <n. 
Proof Notice that in an Euclid space R”, there is a basis e, = (1,0,0,---,0), 


e> = (0,1,0,---,0), ---, e; = (0,---,0,1,0,---,0) (every entry is 0 unless the i-th 
entry is 1), ---, €n = (0,0,---,0,1) such that 





(£1, E2; ***, En) = T161 + T262 ++ +> + Tn ln 


for any point (£1, £2, `, £n) of R”. Now we consider a linear space R™ = (V, +new; Onew) 
on a field F = {a;, bi, c;,---, di;i > 1}, where 


V = {£1, £2, +, En}. 


Not loss of generality, we assume that £1, £2,*--, £s are independent, i.e., if there 


exist scalars a1, d2,---,@; such that 


Q1 Onew T1 tnew Q2 Cnew T2 tnew 4 t+new Qs Onew Vs = 0, 


then ay; = dg =--- = Oney and there are scalars ;,¢;,---,d; with 1 < i < s in R™ 
such that 


Ls41 = by Onew V1 t+new by Onew T2 t+new es t+new bs Onew Ts; 


L542 = C1 Onew V1 tnew C2 Onew V2 tnew es t+new Cs Onew Ts; 


Ln = dı Onew T1 Fnew dy Onew T2 tnew mrs tnew ds Onew Ts. 


Therefore, we get a subspace of dimensional s in a point P of R”. ' 
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Corollary 6.1.3 Let P be a point of an Euclid space R”. Then there is a subspace 


SEQUENCE 





Ry C Ri < e C Ra C R, 





such that R, = {P} and the dimensional of the subspace Ry 


; is n— i, where 1 < 


Sn: 


Proof Applying Theorem 6.1.5 repeatedly, we get the desired sequence. [ 


§6.2. Relativity Theory 


In theoretical physics, these spacetimes are used to describe various states of particles 
dependent on the time parameter in an Euclid space R®. There are two kinds of 
spacetimes. An absolute spacetime is an Euclid space R? with an independent time, 
denoted by (21, £2, 73\t) and a relative spacetime is an Euclid space R4, where time 
is the t-axis, seeing also in [30] — [31] for details. 


A point in a spacetime is called an event, i.e., represented by 


(11, 22,23) E€ R and te Rt 


in an absolute spacetime in the Newton’s mechanics and 


(x1, T2, T3, t) = R* 


with time parameter t in a relative space-time used in the Einstein’s relativity theory. 
For two events A, = (£1, £2, %3\t,) and Ag = (y1, Y2, Y3lt2), the time interval At 
is defined by At = tı — tz and the space interval A(A,, A2) by 


A(Aj, A2) = y (£1 — y1)? + (z2 — yo)? + (£3 — y3)”. 
Similarly, for two events By = (x1, £2, £3, t1) and By = (y1, Y2, Y3, te), the space- 
time interval As is defined by 


APs = -P At? + A?(Bi, Bə), 


where c is the speed of the light in vacuum. In Fig.6.2, a spacetime only with two 


parameters x,y and the time parameter t is shown. 
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Fig.6.2 


The Einstein’s spacetime is an uniform linear space. By the assumption of 
linearity of a spacetime and invariance of the light speed, it can be shown that the 


invariance of the space-time intervals, i.e., 


For two reference systems Sı and S2 with a homogenous relative velocity, there 


must be 


As? = As”. 


We can also get the Lorentz transformation of spacetimes or velocities by this 
assumption. For two parallel reference systems Sı and So, if the velocity of S2 


relative to S; is v along x-axis such as shown in Fig.6.3, 


Al 
z2 
— > y 
0, ¥y O3 Y3 
z3 
* 


Fig.6.3 


then we know the Lorentz transformation of spacetimes 





—  zı—vtı 
aE 
Y2 = yı 
Z2 = Ži 
tə tı— rı 
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and the transformation of velocities 





Uro aes BLESI 


In the relative spacetime, the general interval is defined by 


ds? = Juda” ar, 


where gv = gw (£7, t) is a metric dependent on the space and time. We can also 


introduce the invariance of general intervals, i.e., 


ds = Goda da? SG da" dr”, 
Then the Einstein’s equivalence principle says that 


There are no difference for physical effects of the inertial force and the gravita- 


tion in a field small enough. 


An immediately consequence of the Einstein’s equivalence principle is the idea 
of the geometrization of gravitation, i.e., considering the curvature at each point in 
a spacetime to be all effect of gravitation([18]), which is called a gravitational factor 
at this point. 

Combining these discussions in Section 6.1 with the Einstein’s idea of the ge- 


ometrization of gravitation, we get a result for spacetimes in the theoretical physics. 


Theorem 6.2.1 Every spacetime is a pseudo-face in an Euclid pseudo-space, espe- 


cially, the Einstein’s space-time is R” in (R‘,w) for an integer n,n > 4. 


By the uniformity of a spacetime, we get an equation by equilibrium of vectors 


in a cosmos. 


Theorem 6.2.2 By the assumption of uniformity for a spacetime in (R*,w), there 


exists an anti-vector wo of wo along any orientation O in R4 such that 


wo + Wo = 0. 
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Proof Since R* is uniformity, By the principle of equilibrium in a uniform 
space, along any orientation O in R4, there must exists an anti-vector wo of wo 
such that 


wo two = 0. | 


Theorem 6.2.2 has many useful applications. For example, let 


1 
Wuv = Rw = z Iw T Àg uv, 
then we know that 
Wav = —STGT wv. 


in a gravitational field. Whence, we get the Einstein’s equation of gravitational field 


1 
R= zP Iw + Agu = —8TGT pw 


by the equation in Theorem 6.2.2 which is widely used for our cosmos by physicists. 
In fact, there are two assumptions for our cosmos in the following. One is partially 


adopted from the Einstein’s, another is just suggested by ours. 


Postulate 6.2.1 At the beginning our cosmos is homogenous. 


Postulate 6.2.2 Human beings can only survey pseudo-faces of our cosmos by 


observations and experiments. 


Applying these postulates, the Einstein’s equation of gravitational field and the 
cosmological principle, i.e., there are no difference at different points and different 
orientations at a point of a cosmos on the metric 10tl.y., we can get a standard model 
of cosmos, also called the Friedmann cosmos, seeing [18], [26], [28],[30] — [31],[79] and 


[95] for details. In this model, its line element ds is 


dr? 


1 — Kr? 


and cosmoses are classified into three types: 


ds? = -Pdt + a*(t)[ + r?(d0? + sin? Ody”)] 


Static Cosmos: da/dt = 0; 


Contracting Cosmos: da/dt < 0; 
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Expanding Cosmos: da/dt > 0. 


By the Einstein’s view, our living cosmos is the static cosmos. That is why 
he added a cosmological constant in his equation of gravitational field. But un- 
fortunately, our cosmos is an expanding cosmos found by Hubble in 1929. As a 
by-product, the shape of our cosmos described by S.Hawking in [30] — [32] is coin- 


cide with these results gotten in Section 6.1. 


$86.3 A Multi-Space Model for Cosmoses 


6.3.1. What is M-theory 


Today, we have know that all matter are made of atoms and sub-atomic particles, 
held together by four fundamental forces: gravity, electro-magnetism, strong nuclear 
force and weak force. Their features are partially explained by the quantum theory 
and the relativity theory. The former is a theory for the microcosm but the later 
is for the macrocosm. However, these two theories do not resemble each other in 
any way. The quantum theory reduces forces to the exchange of discrete packet 
of quanta, while the relativity theory explains the cosmic forces by postulating the 
smooth deformation of the fabric spacetime. 

As we known, there are two string theories : the Eg x Eg heterotic string, the 
SO(82) heterotic string and three superstring theories: the SO(32) Type I string, the 
Type ITA and Type IIB in superstring theories. Two physical theories are dual to 
each other if they have identical physics after a certain mathematical transformation. 
There are T-duality and S-duality in superstring theories defined in the following 
table 6.1([15}). 


Ses! fundamental string dual string 


T — duality Radius > 1/(radius) charge +> 1/(charge) 
Kaluza — Klein — Winding Electric — Magnet 





S — duality charge > 1/(charge) Radius > 1/(Radius) 
Electric œ Magnetic Kaluza — Klein — Winding 


table 6.1 


We already know some profound properties for these spring or superspring 


theories, such as: 
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(i) Type ITA and IIB are related by T-duality, as are the two heterotic theories. 

(ii) Type I and heterotic SO(32) are related by S-duality and Type IIB is also 
S-dual with itself. 

(iii) Type II theories have two supersymmetries in the 10-dimensional sense, 
but the rest just one. 

(iv) Type I theory is special in that it is based on unoriented open and closed 
strings, but the other four are based on oriented closed strings. 

(v) The IIA theory is special because it is non-chiral(parity conserving), but the 
other four are chiral(parity violating). 

(vi) In each of these cases there is an 11th dimension that becomes large at 
strong coupling. For substance, in the IITA case the 11th dimension is a circle and 
in IIB case it is a line interval, which makes 11-dimensional spacetime display two 
10-dimensional boundaries. 

(vii) The strong coupling limit of either theory produces an 11-dimensional 
spacetime. 


(viii) +--+, etc.. 


The M-theory was established by Witten in 1995 for the unity of those two 
string theories and three superstring theories, which postulates that all matter and 
energy can be reduced to branes of energy vibrating in an 11 dimensional space. This 
theory gives us a compelling explanation of the origin of our cosmos and combines 
all of existed string theories by showing those are just special cases of M-theory such 


as shown in table 6.2. 


Eg x Eg heterotic string 

SO(32) heterotic string 
M — theory 4 SO(32) Type I string 

Type IIA 

Type IIB. 


Table 6.2 


See Fig.6.4 for the M-theory planet in which we can find a relation of M-theory 


with these two strings or three superstring theories. 
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The M-theory planet 


Type fsupesting 






Heterotic 932 
HA SQtpesting aac 


IB Supersting 


 Heterotic EB*EB 


Uncharted Waters 


11D Supergravity 


Fig.6.4 


As it is widely accepted that our cosmos is in accelerating expansion, i.e., our 
cosmos is most possible an accelerating cosmos of expansion, it should satisfies the 
following condition 

da 
—~ > 0. 
dt? 


The Kasner type metric 


ds? = —dt? + a(t} dRe + b(t)*ds*(T™) 
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solves the 4 + m dimensional vacuum Einstein equations if 


a(t) =t” and b(t) = tv 
with 


_ 3+ y3m(m +2) _ 3 F \/3m(m + 2) 


= v 
. 3(m+3) 3(m + 3) 
These solutions in general do not give an accelerating expansion of spacetime 


of dimension 4. However, by using the time-shift symmetry 


E> thot, a(t) = (tho — t)", 


we see that yields a really accelerating expansion since 








da(t) dalt) 
F > 0 and TÈ 


According to M-theory, our cosmos started as a perfect 11 dimensional space 


>0. 


with nothing in it. However, this 11 dimensional space was unstable. The original 
11 dimensional spacetime finally cracked into two pieces, a 4 and a 7 dimensional 
cosmos. The cosmos made the 7 of the 11 dimensions curled into a tiny ball, allowing 
the remaining 4 dimensional cosmos to inflate at enormous rates. This origin of our 


cosmos implies a multi-space result for our cosmos verified by Theorem 6.1.5. 


Theorem 6.3.1 The spacetime of M-theory is a multi-space with a warping R’ at 
each point of R*. 


Applying Theorem 6.3.1, an example for an accelerating expansion cosmos of 
4-dimensional cosmos from supergravity compactification on hyperbolic spaces is 


the Townsend- Wohlfarth type in which the solution is 
ds? = e "tO (S dt? + Sdr?) + re” Ods}, 
where 


(t) = 1 (In K(t) — 3Aot), g2 = Ke Zot 


m-— 1 





and 
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AoÇre 


E EE 


with ¢ = 4/3 + 6/m. This solution is obtainable from space-like brane solution and 
if the proper time ç is defined by dç = S?(t)dt, then the conditions for expansion 
2S 


and acceleration are A > 0 and 3 > 0. For example, the expansion factor is 3.04 


if m = 7, i.e., a really expanding cosmos. 
6.3.2. A pseudo-face model for p-branes 


In fact, M-theory contains much more than just strings, which is also implied in 
Fig.6.4. It contains both higher and lower dimensional objects, called branes. A 
brane is an object or subspace which can have various spatial dimensions. For any 
integer p > 0, a p-brane has length in p dimensions, for example, a 0-brane is just a 
point; a 1-brane is a string and a 2-brane is a surface or membrane - - -. 

Two branes and their motion have been shown in Fig.6.5 where (a) is a l-brane 
and (b) is a 2-brane. 


ayy — UN 


(al 


| My 
Ws S 4 


Fig.6.5 


Combining these ideas in the pseudo-spaces theory and in M-theory, a model 


for R™ is constructed in the below. 
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Model 6.3.1 For each m-brane B of a space R”, let (ni(B),n2(B),---,n,(B)) 
be its unit vibrating normal vector along these p directions and q : R™ — Rt a 


continuous mapping. Now for VP € B, define 


w(q(P)) = (m (P), n2(P), +, mp(P))- 


Then (R*,w) is a pseudo-face of R™, particularly, ifm = 11, it is a pseudo-face for 
the M-theory. 


For the case of p = 4, interesting results are obtained by applying results in 
Chapters 5. 


Theorem 6.3.2 For a sphere-like cosmos B?, there is a continuous mapping q : 


B? — R? such that its spacetime is a pseudo-plane. 


Proof According to the classical geometry, we know that there is a projection 
q : B? — R? from a 2-ball B? to an Euclid plane R?, as shown in Fig.6.6. 


N 





Fig.6.6 


Now for any point u € B? with an unit vibrating normal vector (x(u), y(u), z(u)), 
define 


where t is the time parameter. Then (R?,w) is a pseudo-face of (B?,t). ț 
Generally, we can also find pseudo-surfaces as a pseudo-face of sphere-like cos- 


moses. 
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Theorem 6.3.3 For a sphere-like cosmos B? and a surface S, there is a continuous 


mapping q : B? — S such that its spacetime is a pseudo-surface on S. 


Proof According to the classification theorem of surfaces, an surface S can be 
combinatorially represented by a 2n-polygon for an integer n,n > 1. If we assume 
that each edge of this polygon is at an infinite place, then the projection in Fig.6.6 
also enables us to get a continuous mapping q : B? — S. Thereby we get a pseudo- 
face on S for the cosmos B?. 4} 

Furthermore, we can construct a combinatorial model for our cosmos by apply- 


ing materials in Section 2.5. 


Model 6.3.2 For each m-brane B of a space R”, let (ni(B),n2(B),---,n,(B)) 
be its unit vibrating normal vector along these p directions and q : R™ — R! a 


continuous mapping. Now construct a graph phase (G,w, A) by 


V(G) = {p — branes q(B)}, 


E(G) = {(q(B1), q(Bz2))|there is an action between Bı and Bə}, 


and 


A(q(B1), q(Bz2)) = forces between Bı and Bo. 


Then we get a graph phase (G,w, A) in Rİ. Similarly, ifm = 11, it is a graph phase 
for the M-theory. 


If there are only finite p-branes in our cosmos, then Theorems 6.3.2 and 6.3.3 


can be restated as follows. 


Theorem 6.3.4 For a sphere-like cosmos B? with finite p-branes and a surface S, 


its spacetime is a map geometry on S. 


Now we consider the transport of a graph phase (G,w,A) in R™ by applying 


results in Sections 2.3 and 2.5. 
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Theorem 6.3.5 A graph phase (G1, w1, A1) of space R™ is transformable to a graph 
phase (Go, w2, A2) of space R” if and only if G, is embeddable in R” and there is a 


continuous mapping T such that w = T(w,) and Ag = T(Aj). 


Proof By the definition of transformations, if (G1, w1, A1) is transformable to 
(Ga, Ww, A2), then there must be G, is embeddable in R” and there is a continuous 
mapping 7 such that w2 = T(w1) and Ag = T(Aj). 

Now if G, is embeddable in R” and there is a continuous mapping T such that 
w = T(w1), Ao = T(Az), let ¢ : Gi — Gə be a continuous mapping from G; to Go, 


then (s, T) is continuous and 


(s, T) : (Gi, w1, Ay) ae (Go, w2, A2). 


Therefore (G1, w1, A1) is transformable to (G2, w2, A2). 6 


Theorem 6.3.5 has many interesting consequences as by-products. 


Corollary 6.3.1 A graph phase (G1, w1, A1) in R™ is transformable to a planar 
graph phase (G2,w2, A2) if and only if Gz is a planar embedding of Gı and there is 
a continuous mapping T such that w = T(w1), Ag = T(A:) and vice via, a planar 
graph phase (Go, w2, Az) is transformable to a graph phase (G1, w1, A1) in R” if and 


1 


only if Gi is an embedding of Ga in R™ and there is a continuous mapping T™> such 


that wı = T 1(we), Ay= T (Ag). 


Corollary 6.3.2 For a continuous mapping T, a graph phase (G1, w1, A1) in R™ is 


transformable to a graph phase (G2, T(w1), T(A1)) in R” with m,n > 3. 


Proof This result follows immediately from Theorems 2.3.2 and 6.3.5. b 

This theorem can be also used to explain the problems of travelling between 
cosmoses or getting into the heaven or hell for a person. For example, water will 
go from a liquid phase to a steam phase by heating and then will go to a liquid 
phase by cooling because its phase is transformable between the steam phase and 
the liquid phase. For a person on the earth, he can only get into the heaven or hell 
after death because the dimension of the heaven is more than 4 and that of the hell 
is less than 4 and there does not exist a transformation for an alive person from 
our cosmos to the heaven or hell by the biological structure of his body. Whence, 


if black holes are really these tunnels between different cosmoses, the destiny for a 
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cosmonaut unfortunately fell into a black hole is only the death ([30][32]). Perhaps, 
there are really other kind of beings in cosmoses or mankind in the further who can 
freely change from one phase in a space R” to another in R” with m 4 n, then the 


travelling between cosmoses is possible for those beings or mankind in that time. 
6.3.3. A multi-space model of cosmos 


Until today, many problems in cosmology are puzzling one’s eyes. Comparing with 
these vast cosmoses, human beings are very tiny. In spite of this depressed fact, we 
can still investigate cosmoses by our deeply thinking. Motivated by this belief, a 


multi-space model for cosmoses is constructed in the following. 


Model 6.3.3 A mathematical cosmos is constructed by a triple (Q,A,T), where 
i>0 i>0 


and T = {t;;i > 0} are respectively called the cosmos, the operation or the time set 


with the following conditions hold. 


1) (Q,A) is a Smarandache multi-space dependent on T, i.e., the cosmos 
(Q;,O;) is dependent on the time parameter t; for any integer i,i > 0. 


(2) For any integer i,i > 0, there is a sub-cosmos sequence 


(S): Dp D Qa D Qio 


in the cosmos (Q;,O;) and for two sub-cosmoses (Qij, Oi) and (Qu, Oi), if Qi; D Qu, 
then there is a homomorphism po; Qa : (Qij, Oi) > (Qu, Oi) such that 


(i) for Y¥(Qi1, O:), (Qiz, Oi) (Qis, O;) E (S), if Qi D Qio =) Qiz, then 


Pii Qais T PDA Niz O Piz, Nizo 


where “o” denotes the composition operation on homomorphisms. 
(ii) for Vg,h € Qi, if for any integer i, po.a,(g) = polh), then g =h. 
(iii) for Vi, if there is an fi E€ Q; with 


PU UNAY (fi) = PY UNY (f;) 
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for integers i, j, Q NQ; £9, then there exists an f E€ Q such that poo, (f) = fi for 


any integer i. 


Notice that this model is a multi-cosmos model. In the Newton’s mechanics, 
the Einstein’s relativity theory or the M-theory, there is just one cosmos Q and these 


sub-cosmos sequences are 


R? > R? d R! D R? = {P}, 








R> ROS RR? SR! SR = {Ph 


and 








R‘ > R? D R? D R! o R? = {P} DR; D- D RI D Rp = {Q}. 








These conditions in (2) are used to ensure that a mathematical cosmos posses 
a general structure sheaf of a topological space, for instance if we equip each multi- 
space (Q;,O;) with an abelian group G; for an integer i,i > 0, then we get a 
structure sheaf on a mathematical cosmos. For general sheaf theory, one can see 
in the reference [29] for details. This structure enables that a being in a cosmos of 
higher dimension can supervises those in lower dimension. 

Motivated by this multi-space model of cosmos, we present a number of con- 
jectures on cosmoses in the following. The first is on the number of cosmoses and 


their dimension. 


Conjecture 6.3.1 There are infinite many cosmoses and all dimensions of cosmoses 


make up an integer interval [1, +00]. 


A famous proverbs in Chinese says that seeing is believing but hearing is un- 
believing, which is also a dogma in the pragmatism. Today, this view should be 
abandoned by a mathematician if he wish to investigate the 21st mathematics. On 


the first, we present a conjecture on the problem of travelling between cosmoses. 


Conjecture 6.3.2 There must exists a kind of beings who can get from one cosmos 
into another. There must exists a kind of being who can goes from a space of higher 


dimension into its subspace of lower dimension, especially, on the earth. 


Chapter 6 Applications to Theoretical Physics 249 


Although nearly every physicist acknowledges the existence of black holes, those 
holes are really found by mathematical calculation. On the opposite, we present the 


next conjecture. 


Conjecture 6.3.3 Contrary to black holes, there are also white holes at where no 


matters can arrive including the light in our cosmos. 
Conjecture 6.3.4 Every black hole is also a white hole in a cosmos. 


Our cosmonauts is good luck if Conjecture 6.3.4 is true since they do not need to 
worry about attracted by these black holes in our cosmos. Today, a very important 
task in theoretical and experimental physics is looking for dark matters. However, 
we do not think this would be success by the multi-model of cosmoses. This is 


included in the following conjecture. 


Conjecture 6.3.5 One can not find dark matters by experiments since they are in 


spatial can not be found by human beings. 


Few consideration is on the relation of the dark energy with dark matters. But 
we believe there exists a relation between the dark energy and dark matters such as 


stated in the next conjecture. 


Conjecture 6.3.6 Dark energy is just the effect of dark matters. 
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Abstract 


A Smarandache multi-space is a union of n different spaces equipped with 
some different structures for an integer n > 2, which can be both used for 
discrete or connected spaces, particularly for geometries and spacetimes in 
theoretical physics. This monograph concentrates on characterizing vari- 
ous multi-spaces including three parts altogether. The first part is on al- 
gebraic multi-spaces with structures, such as those of multi-groups, multi- 
rings, multi-vector spaces, multi-metric spaces, multi-operation systems and 
multi-manifolds, also multi-voltage graphs, multi-embedding of a graph in 
an n-manifold,---, etc.. The second discusses Smarandache geometries, in- 
cluding those of map geometries, planar map geometries and pseudo-plane 
geometries, in which the Finsler geometry, particularly the Riemann ge- 
ometry appears as a special case of these Smarandache geometries. The 
third part of this book considers the applications of multi-spaces to theoret- 
ical physics, including the relativity theory, the M-theory and the cosmol- 
ogy. Multi-space models for p-branes and cosmos are constructed and some 
questions in cosmology are clarified by multi-spaces. The first two parts 
are relative independence for reading and in each part open problems are 


included for further research of interested readers. 
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